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Abstract. We prove that the initial value problem (IVP) associated to the 
fifth order KdV equation 

(0.1) d t u — ad^u = cidxud^u + C2d x (ud%.u) + czd x {u 3 ), 

where x £ R, t £ R, u = u(x,t) is a real- valued function and a, ci, C2, C3 
are real constants with a ^ 0, is locally well-posed in H S (R) for s > 2. In 
the Hamiltonian case (i.e. when c\ = C2), the IVP associated to HO. Il l is then 
globally well-posed in the energy space i? 2 (R). 

1. Introduction 

Considered here is the initial value problem (IVP) associated to the fifth-order 
Korteweg-de Vries equation 

d t u - ad^u = cid x udlu + c 2 d x (ud^.u) + c 3 d x (u 3 ) 
u(-,0) = u , 

where x G R, t G R, u = u{x,t) is a real- valued function and a, Ci, C2, C3 are real 
constants with a^O. Such equations and its generalizations 

(1.2) d t u — ad x u + f3d x u — coud x u + c\d x ud x u + C2d x (ud x u) + c^d x {u 3 ) 

arise as long-wave approximations to the water-wave equation. They have been 
derived as second-order asymptotic expansions for unidirectional wave propagation 
in the so-called Boussinesq regime (see Craig, Guyenne and Kalisch [5], Olver [29] 
and the references therein) , the first order expansions being of course the Korteweg- 
de Vries (KdV) equation, 

(1.3) d t u + (3d x u = coud x ii. 

The equation in (|1.1|) was also proposed by Benney [2] as a model for interaction 
of short and long waves. 

When c\ = C2, the Hamiltonian 



(1.1) 



(1.4) H{u) = \ J (a{dluf - c lU {d x uf + |« 4 ) 



dx 
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as well as the quantity 

(1.5) M(u) = / u 2 dx, 

Jn 

are conserved by the flow of (|1.1[) . Indeed, it is easy to check that 

H'(u)ip= / (ad x u - ^-(d x u) 2 + Cid x {ud x u) + c 3 u 3 )fdx =: (grad-ff(u), 93) 2 . 
Thus the equation in (jl.ip has the form <9 t it = 9 x grad if (it), so that 



^jH(u) = (gradH(u),d t u) L2 = (gradiJ(u), 5 x gradF(u)) L2 =0. 



Moreover in the special case where C2 = Ci = —10a and C3 = 10a, the equation in 
(|1.1[) is the equation following KdV in the KdV hierarchy discovered by Lax [3D] 
and writes in the case a = 1 

(1.6) d t u - d b x u + I0d x iid' 2 u + I0d x {ud 2 x u) - I0d x (u 3 ) = 0. 

Therefore equation (|1.6[) is completely integrable and possesses an infinite number 
of conservation laws. We refer to the introductions in [12, 33, 34] for more details 
on this subject. 

Our purpose is to study the IVP (|1.1[) in classical i 2 -based Sobolev spaces H S (R). 
We shall say that the IVP is locally (resp. globally) well-posed in the function space 
X if it induces a dynamical system on X by generating a continuous local (resp. 
global) flow. 

First, it is worth mentioning that without dispersion (i.e. when a = 0) and 
when C! ^ or c 2 ^ 0, the IVP (|1.1[> is likely to be ill-posed in any H S (M.) (see 
the comments in the introduction of [33 ). This is in sharp contrast with the KdV 
equation. Indeed, when j3 = in (ll.3[) . we obtain the Burgers equation, which is 
still well-posed in H S (M) for s > 3/2 by using standard energy methods. However, 
the direct energy estimate for equation (after fixing C3 = for simplicity) 

gives only 



(1-7) j t \\d k x u(t)\\h < \\d 3 x uU?\\d*u(t)\\h 



d x ud k+1 ud k+1 udx 



Observe that the last term on the right-hand side of (jl.7|) has still higher-order 
derivatives and cannot be treated by using only integration by parts. To over- 
come this difficulty, Ponce [33] used a recursive argument based on the dispersive 
smoothing effects associated to the linear part of (jl.ip . combined to a parabolic 
regularization method, to establish that the IVP (|1.1[) is locally well-posed in H s (K) 
for s > 4. Later, Kwon 25 improved Ponce's result by proving local well-posedness 
for (jl.ll) in -£P(R) for s > 5/2. The main new idea was to modify the energy by 
adding a correctional lower-order cubic term to cancel the last term on the right- 
hand side of (|1.7[) . Note that he also used a refined Strichartz estimate derived 
by chopping the time interval in small pieces whose length depends on the spatial 
frequency. This estimate was first established by Koch and Tzvetkov [24] (see also 
Kenig and Koenig [18] for an improved version) in the Benjamin-Ono context. 
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On the other hand, it was provecQ by the second author in [32] . by using an 
argument due to Molinet, Saut and Tzvetkov for the Benjamin-Ono equation [28], 
that, in the case Ci ^ 0, the flow map associated to fails to be C 2 in H S (R), 
for any s G R. This result was improved by Kwon [25] who showed that the flow 
map fails to be even uniformly continuous in H S (U.) when s > | (and s > in the 
completely integrable case). Those results are based on the fact that the dispersive 
smoothing effects associated to the linear part of are not strong enough to 

control the high- low frequency interactions in the nonlinear term d x (ud 2 u). As a 
consequence, one cannot solve the IVP ([l.ip by a Picard iterative method imple- 
mented on the integral equation associated to for initial data in any Sobolev 
space H S {R) with set. 

However, the fixed point method may be employed to prove well-posedness for 
Ijl.lj) in other function spaces. For example in [20] [21], Kenig, Ponce and Vega 
proved that the more general class of IVPs 

n s / d t u + d^ +1 u + P(u, d x u, dliu), x, t e E, j e N 

(L8) \«(0)=t*o, 

where 

P : R 2j+1 ->• K (or P : C 2j+1 C) 

is a polynomial having no constant or linear terms, is well-posed in weighted Sobolev 
spaces of the type H k (R) n H l (R;x 2 dx) with fc, I G Z + , k > k , I > l Q for some 
k , l 6 Z + . We also refer to [31] for sharper results in the case of small initial 
data and when the nonlincarity in (|1.8I) is quadratic. Recently, Griinrock [T2] . 
respectively Kato [16j , used variants of the Fourier restriction norm method to prove 
well-posedness in H.^(R) for 1 < r < | and s > | + 277, respectively in H s ' a (R) 
for s > max{ — |, —2a — 2} with — | < a < —i and (s, a) 7^ (— i, — |). The spaces 
i/*(]R) and i? s,a (!R) are respectively defined by the norms ||y||& s = || (^) s ^|| i7 .' with 

i + i = land||^.<» = ]]<0 s - o WIU=- 

Nevertheless, the L 2 -based Sobolev spaces H S (R) remain the naturao spaces to 
study well-posedness for the fifth order KdV equation. Our main result states that 
the IVP ([III]) is locally well-posed in H S {R) for s > 2. 

Theorem 1.1. Assume that s > 2. Then, for every uq G H s (K), there exists a 
positive time T = T(||uo||ff«) awe? a unique solution u to fjl . 1 [) m i/ie cZass 

(1.9) C([— T, T]; i/ s (R)) n F S (T) n B S (T). 

Moreover, for any < T' < T , there exists a neighbourhood U of uq in H S (M) such 
that the flow map data-solution 

(1.10) Sf, : U — > C*([-T',T'];i? s (R)), u t— >■ u, 
is continuous. 

Remark 1.2. The short-time Bourgain space F S (T) :— F|(T) and the energy space 
B S (T) are defined in Subsection ET2l 



Strictly speaking the result was proved only in the case where C3 = 0, but as observed in the 
introduction of 1121 . the cubic term d x (u 3 ) in HI. Il l is well behaved and no cancellations occur, so 
that the proof remains true even when C3 ^ 0. 

2 When the equation in HI. Il l is Hamiltonian (i.e. when c\ = C2), the space H 2 (M) is the natural 
space where the Hamiltonian H in l|1.4|l is well defined. 
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Remark 1.3. The result of Theorem 1 1.1 1 is also valid for equation (|1.2|) and the proof 
is similar. 

Remark 1.4. For sake of simplicity, we assume that a = 1 and C3 = in the proof of 
Thcorcm ll.il since the cubic term d x (w 3 ) has low order derivative when compared 
to the two other nonlinear terms in (|1.1[) . Nevertheless, we indicate in the appendix 
what modifications are needed to deal with the case C3 ^ 0. 

Remark 1.5. Observe that at this level of regularity (s > 2), the limits of smooth 
solutions are still weak solutions to the equation in (jl.ip . 

Remark 1.6. As a byproduct of the proof of Theorem II. 1[ we obtain a priori esti- 
mates on smooth solutions of (jl . 1|) in H S (R) for s > | (see Proposition ^. 21 below). 
In other word, the flow map data-solutions in _ff°°(R) satisfies 

\\SF(u )\\ L;?HS <\\u \\ H ,, 

for any s > | and where T only depends on ||uo||h*. However, we were not able to 
prove well-posedness at this level of regularity. 

In the Hamiltonian case, the conserved quantities H and M defined in (|1.4[l 
(|1.5|) provide a control on the ff 2 -norm and allow to prove that the IVP (|1.1[) is 
globally well-posed in H 2 (W). 

Corollary 1.7. In the case c\ = c 2 , the results of Theorem \l.l\ are true for T > 
arbitrarily large. 

Remark 1.8. Corollary 11.71 remains true for equation (| 1 . 2|) (still in the case c\ = C2). 

Remark 1.9. In [34], Saut already proved the existence of global weak solutions in 
the Hamiltonian case. However Corollary 11.71 is the first existence result of global 
strong solutions for the fifth-order KdV equation in the Hamiltonian cas^l. 

Remark 1.10. In his study of stability of solitary waves for Hamiltonian fifth-order 
water wave models of the form (|1.2[) with quadratic nonlinearitiefl Levandosky as- 
sumed well-posedness in H 2 (M.) (c.f. Assumption 1.1 in [IS]). Therefore, Corollary 
11.71 provides an affirmative answer to this issue. We also refer to [1] [27] for further 
results on stability /instability of such fifth-order water wave models. 

We now discuss the main ingredients in the proof of Theorem 11.11 We follow 
the method introduced by Ionescu, Kenig and Tataru [15] in the context of the 
KP1 equation, which is based on the dyadic Bourgain's spaces F* and their dual 
N^, defined in Subsection 12.21 We refer to [3J[53] for previous works using similar 
spaces to prove a priori bounds for the 1 D cubic NLS at low regularity and also 
to [HI Ell ISI] for applications to other dispersive equations. 

The spaces enjoy a X s ' b -type structure but with a localization in small time 
dependent intervals whose length is of order 2~ ak when the spatial frequency of 
the function is localized around 2 k . This prevents the time frequency modulation^ 



■^Except of course in the completely integrable case. 

4 The question of existence of solitary waves for such models with nonhomogeneous nonlinear- 
ities was addressed in |22| . 

^Here, ui(£) = £ 5 denotes the dispersive symbol of the linear equation. 
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r — w(£)| to be too small, which allows for suitable a, a — 2 in our case, to prove 
a bilinear estimate of the form (c.f Proposition 14. 1 1 for a precise statmcnt ) 

(1.12) \\d x ud*v\\ NS{T) + \\d x (ud%v)\\ NS{T) < \\u\\ FS(T) \\v\\ F s {T) , 

as soon as s > 1. Of cours^, we cannot conclude directly by using a contraction 
argument since the linear estimate estimate 

(1.13) \\u\\ F °(T) < IM|b»(t) + \\ d x ud l v \\ Ni(T ) + ll a *( w 3MIL«(T) 

requires the introduction of the energy norm ||m||b s (t) > instead of the usual H s -norm 
of the initial data || Mollis , m order to control the small time localization appearing 
in the i^-structure. Therefore it remains to derive the frequency localized energy 
estimate 

(1.14) H|| S(T) < \\u f Ha + {l + \\u\\ F , iT) )\\u\\ Fa{T) {\\ 

which is true if s > | and is small. The main new difficulty in our case is 

that after using suitable frequency localized commutator estimates, we are not able 
to handle directly the remaining lower-order terms (see Lemma l5.6l and Remark 15. 71 
below). This is somehow the price to pay for the choice of a — 2 which enabled to 
derive the bilinear estimate (|1 . 12|) . Then, we modify the energy by adding a cubic 
lower-order term to in order to cancel those terms. This can be viewed as 

a localized version of Kwon's argument in |25j . 

We deduce the a priori bound (| 1 . 1 1 1) by combining (|1.12l) - (|1.14[) and using a 
scaling argument. To finish the proof of Theorem ll.l[ we apply this method to 
the difference of two solutions. However, due to the lack of symmetry of the new 
equation, we only are able to prove the corresponding energy estimate for s > 2. 
Finally, we conclude the proof by adapting the classical Bona-Smith argument [5]. 

Around the time when we completed this work, we learned that Guo, Kwak and 
Kwon [11] had also worked on the same problem and obtained the same results 
as ours (in Theorem 11.11 and Proposition [62]). They also used the short-time X s,b 
method. However, instead of modifying the energy as we did, they put an additional 
weight in the X s,b structure of the spaces in order to derive the key energy estimates. 

The rest of the paper is organized as follows: in Section 2, we introduce the 
notations, define the function spaces and prove some of their basic properties as 
well the main linear estimates. In Section 3, we derive the L 2 bilinear and trilinear 
estimates, which are used to prove the bilinear estimates in Section 4 and the energy 
estimates in Section 5. The proof of Theorem 1 1.1 1 is given in Section 6. We conclude 
the paper with an appendix explaining how to treat the cubic term d x (u 3 ), which 
we omit in the previous sections to simplify the exposition. 

2. Notation, function spaces and linear estimates 

2.1. Notation. For any positive numbers a and b, the notation a < b means that 
there exists a positive constant c such that a < cb. We also denote a ~ b when 
a < b and b < a. Moreover, if a £ K, aq_, respectively a_, will denote a number 
slightly greater, respectively lesser, than a. 

For ai, ci2, 03 G M, it will be convenient to define the quantities a max > a me d > 
o-rnin to be the maximum, median and minimum of a\, 0,2 and 03 respectively. For 
ai, ct2, 03, 04 £ R, we define the quantities a max > a su b > a t hd > a<min to be 



^This would be in contradiction with the C 2 -ill-posedness results in |32| . 
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the maximum, sub-maximum, third- maximum and minimum of a\, 0,2, 03 and 04 
respectively. Usually, we use fa and ji to denote integers and Ni — 2 ki , Li = V { 
to denote dyadic numbers. 

For u — u(x,t) G S(R 2 ), 7u — u will denote its space-time Fourier transform, 
whereas 1 x u — (u) Aa! , respectively J t u — (u) At , will denote its Fourier transform 
in space, respectively in time. Moreover, we generally omit the index x or t when 
the function depends only on one variable. For s e I, we define the Bessel and 
Ricsz potentials of order — s, and D s x , by 

./^^((l + lCl 2 )^) and D' x u = 3^ 1 (\Z\'* x u). 

The unitary group e t9 * associated to the linear dispersive equation 

(2.1) d t u - dlu = 0, 
is defined via Fourier transform by 

(2.2) e t9 *u = J-V^J^o), 

where w(£) = £ 5 . 

For k G Z_|_, let us define 

4 = {(€R : 2 k - 1 < ICI <2 fc+1 }, 

if k > 1 and 

4 = {^« : |£l<2}. 
Throughout the paper, we fix an even smooth cutoff function rjo : R — > [0, 1] 
supported in [—8/5,8/5] and such that 770 is equal to 1 in [—5/4,5/4]. For k G 
Z fl [1, +00), we define the functions rjk and rj<k respectively by 

k 

(2.3) r, fc (C)=7 ? o(2- fc e)-r/o(2- (fe - 1) e)-:r,(2- fe O and »7<k = !>■ 

Then, {r]k)k>o is dyadic partition of the unity satisfying supp r\k C Ifc. 

Let (rjk)k>o be another nonhomogeneous dyadic partition of the unity satisfying 
suppr) fc C h and = 1 on supp 

Finally, for k £ Zfl [1, +00), let us define the Fourier multiplier Pfc, P< and P<& 

by 

P fe w = S^' 1 (rfk^xu) , P<ou = J" 1 (rto^xu) , and P< k = P<i+^2 P ^ 

3=1 

Then it is clear that P< + J2t=i = 1- Often, when there is no risk of confusion, 
we also denote Po = P<o- 

2.2. Function spaces. For 1 < p < 00, L P (R) is the usual Lebesgue space with 
the norm || • \\lp, and for seR, the Sobolcv spaces H S (R) is defined via its usual 
norm \\<j>\\ H s = \\J°(f>\\ L 2. 

Let / = f(x, t) be a function defined for x £ R and t in the time interval [— T, T], 
with T > or in the whole line R. Then if X is one of the spaces defined above, 
we define the spaces L V T X X and L\X X by the norms 

\\f\\L* T x* = ( f T \\f{-M P X dtf and \\f\\ L » Xx = (jjf(.,t)f x dt)K 
when 1 < p < 00, with the natural modifications for p = 00. 
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We will work with the short time localized Bourgain spaces introduced in [15) . 
First, for k G Z+, we introduce the / 1 -Besov type space Xk of regularity 1/2 with 
respect to modulations, 

X k = {</> G L 2 (R 2 ) : supp</> C 4x1 and \\(f>\\ Xk =< oo}, 

where 

+00 

(2.4) u\\ Xk = j2 2j/2 \\^- w (om,r)\\ qy 

Let a > be fixed. For k £ Z + , we introduce the space Fk >a possessing a Xk- 
structure in short time intervals of length 2~ ak , 

F k>a = {/ 6 L°°(R;Z 2 (R)) : supp cftxl and H/lk^ < oo} 

where 

(2-5) ||/|| Ft , Q =sup||% (2 Qfe (--f))/)|k fc . 

Its dual version Nf. ia is defined by 

N k , a = {/ G L^RjlT^R)) : supp ?(/) Cixl and H/H^ < oo}, 
where 

(2.6) ll/IU^ = sup || (r - w(0 + l 2 ak y 1 Hvo(2 ak (- - *))/) |L . 

Now for s G K + , we define the global and iV* spaces from their frequency 
localized versions i^ )a and Nk, a , by using a nonhomogeneous Littlewood-Paley 
decomposition as follows 

+ oo i 

(2.7) K = {/gL°°(R;L 2 (R)) : ||/|| F . = ( ]T 2 2fc * ||P fe /|| 2 Ffc J * < co}. 

fe=0 

and 

(2.8) N s a = {f &L^{^;H-\^)) : \\f\\ N . = 2 2ks \\P k f\\% k J 2 < oo). 

fc=0 

We also define a localized (in time) version of those spaces. Let T be a positive 
time and Y denote or N^. If / : R x [-T, T] -)• C, we define 

||/|| r(T) =inf{||/> : /:R 2 ^Cand4 x[ _ TT] =/}. 

Then, 

F°(T) = {feL™([-T,T];L 2 (R)) : ||/|| F . (T) < oo}. 

and similarly 

N^(T) = {f€L°°([-T,T];H- 1 (R)) : \\f\\ N . m < oo}. 
Finally for s G R+ and T > 0, we define the energy space B S (T) by 
S s (T) = {/GL°°([-r,T];L 2 (R)) : ||/|| B » (T) < oo}, 
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where 
(2.9) 



+ 00 



\b- { t) = (\\P<of(;0)\\h+J2 22kS SU P WW 
V k =i t h e{-T,T} 



2.3. First properties. Following [IS], we state some important properties of the 
F*(T) spaces. First, we show that F*(T) =-> L°° ( [-T, T] ; H s (R) ) . 

Lemma 2.1. Le£ T > 0, s e R + and a £ R+. Then it holds that 

(2.10) H/IU-Hj < ||/||f=(t), 

/or allf€F*(T). 

Proof. Let / G F*(T). We choose / € F^ such that 



(2.H) fh-T. n =f and 

It follows that for every t G [-T,T], 



<2| 



|F=(T)- 



(2.12) ||/(-,t)[[*. = ||/(-,t)[|H. < E 22fcS H^(-'*) 



fe=0 



where / = P< f and / fc = P k f for any fc G Z n [1, +00). 

Now fix t G [— T, T] and fc G Z + . The Fourier inversion formula gives that 



Sx(/fc)(£,t) = c / y(?7o(2 Qfc (--^)/ fc )(^T)e^dT. 



(2-13) 



On the other hand, the definition in (12.41) and the Cauchy-Schwarz inequality 
in r implies that 



(2.14) 



m,r)\dr <U\\ Xk , 
Li 



for all 4> G -Xfc. Therefore, it is deduced from ([231), (|2~13l) and ([2~T4]) that 
(2-15) IIAM)IU2<ll/fclk, Q , 

for all k G Z+. Then, estimate ([2~T0|) follows gathering ([2~TT|) . (|2~T2|) . ([2~T5)l and 

taking the supreme over t G [— T, T]. □ 

Then, we derive an important property involving the space Xk (see |15j). 

Lemma 2.2. Let a > and ^ G Z + 6e given. Then, if [al] denotes the integer part 
ofal, we have that 



(2.16) 2" 

and 



V< [a i](r-w(0) I m,r')\2~ al (l + 2~ al \r-r'\) 4 dr' 

JR 



< U\\x k 



(2.17) £ 2i ^(t-^CO) / |^,t')|2-^(1+2-«V-t'|) V r2 



< 



l|0| 



j>M] 

/or ^> G Xfc. 
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Proof. We fix I = [al]. We begin proving estimate (|2.16|) . Following [31], we use 
that (r]k)k>o is dyadic partition of the unity and the Cauchy-Schwarz inequality in 
t' to get that 



I := 2~ 

= 2"^ 

< 2~^r 
where 



V<j(r-w(0) / my)\2- a \l + 2- al \r-r'\)-' i dT l 



+00 , 

V<l(r-w(0)J2 / V q (r'-w(0)m,r')\{l + 2- al \T-T'\)- 4 dr' 



1 



ri<i(r ~ u>(0) E ^ r ) 2§ Hi' ~ 1 



L 2 



q=0 



hM>r) := ||%(r' - «;(0)(1 + 2"^|r - r'|)^(r' - MOMLy 
Now, we get trivially that 

!,,,(£, r) < 2*2-1 <1, 
which concludes the proof of (|2.16[) recalling the definition of the space Xk in (|2.4 



Next, we turn to the proof of estimate (|2.17p . The mean- value theorem yields 
\vj(r - w(0) - Vj(r' - H0)\ < 2" J '|r - r'\, 

which implies that 

(2.18) Y, 2i k(T~w(0) I m,r')\2- al {l+2- al \T-r'\)- 4 dr' 

. r 11 JR 



3>l 



where 



and 



II a := 2i J [m (• - w{0)m •)] * [2" Q '(1 + 2" 



a/ 1 



l ](r) 



< Ha+IIb 



JI fe :=^2-i Vj(r-w(0)[ m^'W^r r'\(l + 2~ al \r - r'|) V 
Applying Young's theorem on convolution {L 2 T * L\ — > L 2 ), we get that 

(2.19) ^aSEa^T-^OM&T)!!^^ 1101k*. 

To deal with lib we just proceed as in the proof of estimate (|2.16|) and obtain that 



i>F 9=° 

where 

t) := ||5? g (r' - w(0)\r ~ r'|(l + 2-«'|t - /^V - ^(0)"* 
In the case where j > 9 + 5, we have that 

J g , i (f,r)<2^2- 4 ^, 
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since |r — r'| ~ 2 J . In the case where q > j — 4, we get that 

J q ,lfor) < 2-4 1|| • |(1 + 2- al \ ■ |)- 4 || L2 < 2-i2* . 
Then, after summing in j, we deduce that in both cases 

(2.20) ih<Y,^\h( T ~ w (om,T)\\ L2 =u\\ Xk . 

q=0 

Estimate (|2.17p follows gathering (I2.18|) - (|2.20p . which concludes the proof of Lemma 

o □ 

Corollary 2.3. Let k G Z+, a > 0, t G K and 7 e S(R). Then it holds that 
(2-21) \\3b(2 ak (--t))f]\\ Xk Z\\Hf)\\x k , 
for all f such that ?"(/) G Xfc. 
Proof. Since 7 G S(M 2 ), we have that 

j[ 7 (2 Qfc (--i))/](e,T) = J(/)^,.)*[e-^-)2-« fe 7(2- afe (0)](T) 



(2.22) 



< 



Hfmr')\2- ak (l + 2- ak \r-r'\) 'oV '. 



Therefore estimate (|2.2ip follows by using the definition of Xfc and applying esti- 
mates (|2~Td| - ([2~T7| to the right-hand side of (|2~2"2"|) . □ 

Corollary 2.4. Let fc G Z +; a > 0, t G K and 7 G S(M). JTiera it Was ttai 

(2.23) \\(r-w(0 + i2 ak )- 1 J[ 7 (2 ak (- -*))/] \\ Xk <\\(r-w(0 + i2 ak )- 1 m\\x k> 

for all f such that SF(/) G Xfc. 

Proof. We have that 

|| (r - + i2« k y 1 5[ 1 {2 ak {- - t))f) \\ Xk 

<2-^ 2i\\ m {r-w{i))y[ 1 {2 ak {-~t))f}\\ L2 
(2-24) j<[afc] i,T 

+ J2 2^|| ?7j (r- U ;(e))?[7(2 Qfe (--i))/]|| L , T . 

J>[afe] 

We treat the first term on the right-hand side of (|2.24j) by using Lemma 12.21 as 
in the proof of Corollary 12.31 and the second one by using Lemma 12.21 and duality. 
This implies estimate (|2.23|) . □ 

Remark 2.5. For s G M+, the classical dyadic Bourgain space J 8 ^ 1 (introduced 
for instance in [35 ) is defined by the norm 

+00 1 

\\f\\ x „ hl = (ii^<o/)iii +E 22fes iiw/)ii^)"- 

fe=l 

Thus, if / G X s ' 3 ' 1 , one deduce after applying estimate (|2.21j) to each Pkf, taking 
the supreme in t and summing in k that ||/||f s J$ ||/|| s i 1, for any a > 0. In 
other words, we have that 

X^h 1 ^F'^ L°°(R; H i 
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More generally for any k G Z+ and a > 0, we define the set Sk, a of k- acceptable 
time multiplication factors (c.f. |15j ) as 

10 

S fc , Q = {m fc :R^M : \\m k \\s kiC , = £ 2~ jak \\d 3 m k \\ L ™ < oo}. 

3=0 

Corollary 2.6. Let k G Z + , a > and mj. G S^a- 27ien it holds that 

(2-25) IK/lk,« < \\m k \\ Sk Jf\\F k , a , 

and 

(2.26) IK/lk,« < IKik,J|/IK a . 

Proof. We prove estimate (|2.25l) . The proof of estimate (|2.26l) would follow in a 
similar way. Arguing as in the proof of Corollary |2.3l it suffices to prove 

(2.27) \3 r t [m k (-)ri (2 ak (- - f))(r)} \ < \\m k \\ Sk ^-* k (1 + 2~ ak \r\)-\ 

for all t, t G E. 

It follows from the definition of the Fourier transform that 

f2 _ Pt [m k (-)vo(2 ak (- t))j \\ Lao < \\m k (-) V o(2 ak (- - t))\\ L1 

'"" lS) <2- a *||m fc || i «-||»to||Li. 

By using again basic properties of the Fourier transform and the Leibniz rule, we 

deduce that 

2-^ k \r\ 4 \9 t [m k (-)r ]0 (2 ak (--t))](T)\ 

<2- 4 ^||9 t 4 [m fe (.)r ]0 (2^(.-t))]|| il 
(2.29) \ 

< 2- 4ak ^\\d(m k \\ L ^ 4 -^ ak 2- ak \\di 4 - ]) m \\ Ll . 

3=0 

Estimates ()2.28)) — (|2.29|) and the definition of S ktCC imply estimate (|2.27|) which con- 
cludes the proof of Corollary 12. 61 □ 



The next Corollary of Lemma 12.21 will be useful in the proof of the bilinear and 
energy estimates (c.f. Sections |4] and [5]) . 

Corollary 2.7. Let a > 0, t G R and I, k G Z + be such that I + 5 > k. Then it 
holds that 

(2.30) 2^\\n< [al] (T-w(0)?[ m (2 a \--t))f]\\ L2 < ||/|k, Q , 



d 



(2.3i) Yl 2 Hvj(r-w(o)^[vo(2 al ^-t))f]\\ LlT <\\f\\F k , a , 

j>[al) 

for all f G F kia . 

Proof. Observe that 

r, (2 al (- - t))f = m (2 al (- - t)) m {2^ k - & \- - t))f. 

Moreover, it follows from Corollary 12.61 that 

p[ m (2^ k - e H--t))f]\\ xk <||/|k, Q . 

Therefore, we conclude estimates (|2.30|) and (|2.31|) by applying (|2.16j) and (|2.17p 
arguing as it was done in the proof of Corollary 12. 31 □ 
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Remark 2.8. Estimate (|2.30[) can be viewed as a consequence of the uncertainty 
Heisenberg principle. It is of fundamental importance in the proof of the short time 
bilinear estimates (c.f. Section 2]), since it allows to consider only regions where the 
modulation |t — u>(£)| is not too small, and therefore to avoid the regions giving 
troubles in the low-high frequency interactions (c.f. |32j). 

2.4. Linear estimates. In this subsection, we derive the linear estimate associated 
to the spaces F°(T) (c.f. [15]). 

Proposition 2.9. Assume s G R+, a > and T G (0, 1]. Then we have that 

(2-32) HIf-CO < h\\B.(T) + \\f\\N & (T), 

for all u G B S (T) and f G satisfying 

(2.33) d t u-dlu = f, on Kx[-T,T]. 

Remark 2.10. Observe that, when working in the classical Bourgain space 
defined in Remark 12. 51 one would obtain an estimate of the form 

H| xS , i , 1(r) <||u(o)|| ff8 + ||/|| x8 ,_ 4 , 1(T) . 

Here, we need to introduce the energy norm ||m||b=(t) instead of \\u(0) , since 
we are working on very short time intervals, whose length depends on the spatial 
frequency. 

We first derive a homogeneous and a nonhomogeneous linear estimate in the 
spaces Xk- 

Lemma 2.11. [Homogeneous linear estimate] Let a > and k G 7L+. Then it 
holds that 

(2-34) 11^0(2^^0] || Xfc < ||tio|| L2 , 

for all Uq £ L 2 (M) such that suppJ x (uo) G Ik- 
Proof. A direct computation shows that 

3[ m {2 ak ty t9 *u Q ] (£,t) = 2- a %(2~ ak ( T - «;(0))2o(0- 
Thus, it follows from the definition of Xk and Plancherel's identity that 

(2.35) p[ m (2 ak ty td *u ]\\ Xk < J2^ /2 H(-)^ a %(^ ak -)\\ L 2\\ML^ 

Moreover, it is clear since rjo G S(M) that 

\\ V ,(-)2- a %(2- ak -)\\ L2 < 2-" fe h,(.)(l+2- Qfe |.|)- 4 || L2 < 2-" fc 2^ 2 min(l,2 4 ( Qfc ^)), 
which combined with (12.351) implies estimate (|2.34[) . □ 

Lemma 2.12. [Non-homogeneous linear estimate] Let a > and k G 1+. Then it 
holds that 

(2.36) p[ m {2 ak t) J\^~ s ^ f{- lS )ds\\\ Xk < ||(r- W (0+ i 2« fc )- 1 J(/)|| X)t , 
for all f such that supp3 : {f) G Ik X IR. 
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Proof. Straightforward computations yield 
(2.37) 

J[ Vo (2 ak t) f e^- s ^f(; S )ds](t;,T) 



r pit? _ e »tw(£) 
= J t % rt) / 6 J(/)(£,f)rff (r) 

= 2 ^ 2 •)* -— ■ (r) -y t ??o(2 i e w (r) / — TT^dr 

_ 2 -„* / g„(2-»V^))-^( r - m( 0)) ?(/)KifM ^ 

Vr «( r -w(U) 
Now, we observe that 

%(2-«*(t - f)) - r|o(2-« fe (r - «;(£))) /- . , t , , 



(2.38) 



2 -afc 



-(f -w(0 + i2 ak ) 



i(f - w{£)) 

< 2- ak (l + 2- ak \r - f\y 4 + 2- ak (l + 2- ak \r - w(0l)~ 4 - 



Indeed, in the case where |f — ui(£)| > 2 ak , then |f — w(£_) + i2 ak \ < |f — w(f;)| 
and estimate (|2.38l) follows directly from the fact that ?7o <E §(R) and the triangle 
inequality. Now we deal with the case where |f — w(^)\ < 2 ak . We deduce by 
applying the mean value theorem to the radial function fyo that 

\f}o(2- ak (T - f)) - vo(2- ak (r - w(0))\ < 2- ak \f? a (2- ak 0)\\f - w(0\, 

for some 9 £]\t — f|, |r — u>(£)|[ or 9 g]|t — w(£)|, |r — f|[, depending wether |r — f | < 
|r-iu(OI or |t-u;(£)| < |r-f|. Thus, since % e S(R), the left-hand side of ([235)1 
can be bounded by 2~ afe (l + 2~ afe |0|)~ 4 . This implies estimate (f2T38|) in this case 
by using the assumption on 9. 

On the one hand, we deduce from Lemma \2. 21 that 
(2.39) 



/ „ 2'° fc (l + 2"" fc |r-f|)' 4 rff|l < 



On the other hand, it follows arguing as in the proof of Lemma 12.111 and using 
estimate (|2.14j) that 

||2-*(l + 2-*|r-u;(0|)- 4 / '^ffi^L. df L t 

Jr T - lo(£) + i2 Qfc " A <= 

|f -k;(£) +i2 afe |' 
|f -w(£) +i2 ak \ llL l 



< V2 i/2 llr7 f-)2- Qfc fl + 2- afe l ■ ir 4 ll II / I^C/KjilU df || 



(2.40) 



j>Q 

-i)Mi y 



<£2^-min(l,2^-i))|| /. .^^iV^ df 
<|| r) 



t - to(£) + i2 afe nx » 



Finally, we conclude the proof of Proposition 12.121 gathering (|2.37p - (|2.40p . □ 
A proof of Proposition 12.91 is now in sight. 
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Proof of Proposition^, ffl Let u, f : Ex [-T,T] satisfying (|2.33|) . First, we choose 
an extension / of / on R 2 satisfying 

(2-41) ||/||iv s < nf\\Ng(Ty 

Fix 6» g C£°(R) such that 6{t) = 1 if t > 1 and 0(t) = if t < 0. For fe g Z+, we 
define 

/ fc = 9(2 ak+w {t + T + 2- ak - w ))B( - 2 ak+10 {t -T- 2- ak - 10 )) P k f. 
Then, it follows from (|2.26|) and the definition of 9 that 
(2-42) \\Jk\\N k , a < \\Pj\\N k , a , 

suppA cRx [_ T _ 2 - Qfe - 10 ,T + 2- a ^ 10 ] and J k][ _ Tm =P k f- 
Moreover, for all k g Z + , we also extend P^u on R 2 , by defining u k (t) as 

7 7 o(2 Qfc + 5 (t-T))(e I ( t - T ) a "P fe u(T) + ^e l ( t - s )^/ fe (s)ds) if t>T 

P k u{t) ' if te[-T,T] 

m (2 ak+5 (t + T))(e^ t+T ^P k u(~T) + /! T e i ('- fl ) a »/ fc (s)ds) if i < -T. 



Next, we show that 



(2-43) ||£fc]k, a < sup ||j(7 7o (2 Qfe (i-i fe ))M fc )|| Jffc 

tk£[—T,T] 

It is clear from the definition that Uk is supported in R x [T - 2~ ak ~ 5 ,T + 2~ ak ~ 5 ]. 
Thus, if tk > T, we get, 

m (2 ak (t - t k ))u k = m (2 ak (t - t k )) m (2 ak (t - t k ))u k 

for some t k E [T - 2" Qfe ,T], so that (|2~2"Tj) implies 

sup p[T l0 (2 ak (--t k ))u k ]\\ x < sup \\j[7 l0 (2 ak (--t k ))uk]\\ x ■ 

t k >T k t h e[-T,T] k 

We could argue similarly for t < T, which implies estimate (I2.43[) . 
Now we fix t k g [-T, T}. Observe that 

|| 3[M2 ak (- ~ tk))u k ] \\ Xk = p[ Vo (2 ak -)u k (- + **)] \\ Xk 
and by the Duhamel principle, 

Va {2 ak t)u k {t+t k ) = m< k (t) m {2 ak t)(e ua *P k u{t k )+J^ e^~ s ^(2 ak S )f k { S +tk)ds) , 

where rrik £ S^a- Thus, we deduce from estimates (|2.25p . (I2.34[) and (|2.36p that 
p[ m (2 ak -)u k (-+tk)] \\ Xk < ||P fcU (i fe )|| L2 + ||(r- W (0+*2 afe )^ 1 J(%(2 Q ' £ .)/ fc (.+i fe ))|| Xfc 

which implies estimate (|2.32p after taking the supreme in t k G [—T,T], summing 
over k g Z+ and using (j2~26l) . (|2~4T ]) ~ (l2~43l) . □ 
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2.5. Strichartz estimates. We recall the Strichartz estimates associated to {e td * } 
proved by Kenig, Ponce and Vega in [19) . 

Proposition 2.13. Let 2 < q, r < +oo and < s < | satisfy —s + | = i. Then, 

(2-44) \\D s x e td *u \\ LtL r < \\u \\ L 2, 

for all u E L 2 (R). 

As a consequence, we obtain a Strichartz estimate in the context of the Bourgain 
spaces F£(T). 

Corollary 2.14. Assume 0<T<l,a>0 and e > 0. Then, it holds that 

(2-45) WDt^uW^ < \\u\\ n{T) , 

and 

(2.46) WDt^uW^ := (Ell^ _fp ^llW) 5 £ \HfHt), 

T * k>0 

for any u € (T) . 

Proof. Let < T < 1, a > 0, e > and u € F^(T). Choose u € such that 

M|[_ T-T] =m and < 2||u|| F « (T) . 

For k 6 Z + , we denote = P^u (recall that Po = P<o)- Then we deduce us- 
ing the Sobolev embedding W e :T (R) L°°(R), the square function theorem and 
Minkowski's inequality that 

\\Dlu\\ LlL ~ < \\Dl4u\\ LlLl < {^£2 2k "\\Dlu k \\l lLl 

k>0 

where e' and r(> 1/e') will be chosen later. Therefore, according to the definition 
of F^ in (|2.7[) . it suffices to prove that 

(2-47) \\Dlu k \\ LlK < 2 fe (? + ^)||^|| Ffc ,„, 

for all k > in order to prove estimate (|2.45[) . Indeed, it is enough then to choose 
r and e' such that re' > 1 and e' + %^ < e. 

Next, we prove estimate (|2.47[) . For k > 0, we chop the interval [—T,T] in 
subintervals I 3 of length 2" Qfc . Let [-T,T] = Ujlj where ~ 2~ Qfc and ?7o(2 afc (-- 
Cj)) = 1 on 7j (here Cj denotes the center of Ij). Note that the number of intervals 
I j is of order 2 ak T. Let 2 < <j be so that — f + | + £ = §• Then, we deduce applying 
Holder's inequality in time that 

\\Dhk\\i%Lr = (^||^l^ (2 Qfc (.-c,))| 

(2.48) 



3 



< 2- ak ^-^(Y, \\Dlu km (2 ak (- - cj))\ 



i2 

\L q T l. 

3 



Due to the Fourier inversion formula, we have that 
Dlu k {x,t)r) (2 ak (t - Cj )) = c [ Dle td *? a (e- Sd ir) (2 ak (s - Cj ))u k (-, a)) (r)e itr dr. 
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Thus, Minkowski's inequality, estimate (|2.44|) . Plancherel's identity and the Cauchy- 
Schwarz inequality in q imply that 

(2.49) 

\\Dlu k \\ LlL r< f 1 1 Dl e t9 *? s (e- sd * Vo (2 ak (s - Cj ))u k ) \ \ L , Lr dr 

<2 fe (i-!)^2'/ 2 || ??9 (r)J(e^ ?7 o(2« fc (--c,))^)(e,r)|| i% . 

q>0 ( ' T 

Then, we observe that 

J(e-< m (2 ak (- - c 3 ))u k ) (£, r) = ?( m (2 ak (- - Cj ))u k ) (£, T + w@), 
which together with (I2.49|) and the definition of Fk a in (|2.5|) implies that 

(2-50) \\Dlu k \\ Lq L r <2 fe (3-!)||^|j FfeQ . 

3 

Finally, we deduce combining (|2,48[) and (|2.50p that 

pl^||^<2 fc (f + ^f)||u fe || F ^, 

which yields estimate ()2.47|) since - = j — af • The proof of estimate (|2.46|) is 
similar. □ 

Next, we derive a bilinear Strichartz estimate for the group {e td *}, which is an 
extension of the one proved in [13] for the Airy equation (see also Lemma 3.4 in [14] 
for the dispersion generalized Benjamin-Ono equation). Let £ £ C°° be an even 
function such that — 0, C| H \[- 2 21 = •"■ ano - < C < 1- We define |ac|i = C(x)|a;|. 

Lemma 2.15. For s£l, we define the bilinear operator 3 s by 

9 x (r( Ul , U2 ))(0= f \\ti\ 2s -\b\ 2s \tMZi)M&)<%i. 

Then, it holds that 

(2.51) ||j 2 (Ai,e t9 ^2)|| L 2 t < |HMMU=, 

/or any iti, U2 £ -L 2 (M). 

Proof. For a fixed i £ 1, we get by using Plancherel's identity that 

llJ 2 (Ai,A2)iii 2 



/ / ||ei| 4 -|6| 4 |Je^ +?25) «i(6)« 2 (6Ki 



2 



where the phase function <fi is given by 

a,m) ~ Ci 5 + k - a) 5 - ^ - (c - m) 5 , 

and / is defined by 

■■= liai 4 - le - ai 4 |f |imi 4 - ic - ^i 4 !?^)^ - eo^iw^y. 
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Now, observed that for (66) fixed, the function 0i (771 ) := £1 , ?7i) has only 
two simple roots r\\ = 6 and 771 = £ — £1 in the support of /. Moreover, 

|0i(m)| = 5|(^-(e-77i) 4 )| >5 insupp/, 

and 

i&(£i)i = l0Ue-£i)i = 5|tf-(e-ei)*|. 

Therefore, it follows from the Fourier inversion formula, Fubini's theorem and 
Plancherel's identity that 



<\\ui\\h\\u 2 \\h. 



□ 

3. L 2 BILINEAR AND TRILINEAR ESTIMATES 

3.1. L 2 bilinear estimates. Recall that u>(£) = 6- Then we define the resonance 
functions SI := Q(6)6) by 

(3.1) ^(6,6) := ™(6) + ™(6) - + 6). 

We first derive a technical lemma (see Lemma 3.1 in [8]). 

Lemma 3.1. If |6| - yVi, 6 ~ ^2 and |6 + 6 ~ iV, i/ien 
(3-2) |n| ~ Nt ax N mm . 

Proof. A direct computation shows that 

(3.3) 0(6,6) = -566(6 + 6) (6 2 + 66 + el)- 

We affirm that 

(3-4) 6 2 +66+6 2 ~max{6 2 ,6 2 }, 
which, together with (|3.3p . would implies (13.21) . 

Next, we prove (13.41) . It is clear that Q + 66 +£2 ~ max {£i , £2 }• To prove the 
reverse inequality, we can always assume by symmetry that |6| < 161- Then in the 
case where |6| < 5 16 1, we have that 

6 2 + 66 + 6 2 = (6 + 6) 2 - 66 > + 6) 2 > ^6 2 - 

In the other case, i.e. ||6| < 16 1 < 161, then 

6 2 + 66 + 6 2 > 6 2 - 1661 + 6 2 > \tl 



which concludes the proof of (|3.4|) . □ 

For k £ Z + and j £ Z+, let us define Dfcj by 
(3.5) D fcJ = {(6r) : £ £ I fc and \t + w{£)\ < 2**}. 

We state a useful lemma (see also Lemma 2.3 in [7]). 

Lemma 3.2. Assume that k%, fc 2 , ^ £ Z + , j 2 , j'3 G Z + and /j : R 2 — )• R + are 
I/ 2 functions supported in Dhi,ji f or i — 1,2,3. 
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(a) Then it follows that 

(3-6) f (A * h) ■ h < 2 fc """ /2 2^"-/ 2 ||/ 1 || L2 ||/ 2 |U 2 ||/ 3 || L2 . 

JR 2 

(b) Let us suppose that k m i n < k max — 5. If we are in the case where (ki,ji) = 
{,k m i n , jmax) for some z G {1,2,3}, then it holds that 

(3.7) / (/i * h) ■ h < 2^+^+^)/ 2 2-^/ 2 2- 2fe — \\h\\LA\h\\LA\h\\L*. 

JR 2 

If moreover k m in > 1 , then 

(3.8) 

/ (/i * /a) • h < 2&+*+*V 2 2-*>*>> /2 2-( 3fe — +fe — )/ 2 ||A|| l2 ||/ 2 || l2 ||/ 3 |!l 2 . 
Jr 2 

In all the others cases, we have that 

(3.9) / (/ x */ 2 ) ./ 3 < 2^+^+^)/ 2 2^— / 2 2" 2fc — IIMU.IIAIU.II/sIIl- 

JR 2 

(c) In t/ie case |£; m in — fc max | < 10, fc m in > 10, t/ien we have that 

(3.10) / ( /x * /2 ) . /3 < 2 ^"/ 2 2^-/ 4 2- 3fc — /4 ||/i|U 2 ||/ 2 |U2||/ 3 || L2 . 
Jr 2 

Proof. First, we begin with the proof of item (a). We observe that 
(3.H) /:=/ (/i*/ 2 )-/a=/ (7x*h)-f2=[ (h*h)-fi, 



where /,-(£, r) = /»(— £, — r). Therefore, we can always assume that — jmin- 
Moreover, let us define ff(^,0) — fi{£,,0 + w(£)), for i — 1,2,3. In view of the 
assumptions on fa, the functions f\ are supported in the sets 

D L 4 ={(£>0) : £ e ^ and l^l<2 Ji }. 
We also note that HAHl 2 = ||z,2. Then, it follows changing variables that 

(3.i2) /= / A J (a^i)/ 2 J (6^2)/|(a+6^i + ^ + o(a,6))darf6^i^2, 

where 0(6,6) is defined in (|3TTj) . For i = 1,2, 3, we define Fj(^) = ( / R /f (£, 6>) 2 d6>) * 
Thus, it follows by applying the Cauchy-Schwarz and Young inequalities in the 9 
variables that 



(3.13) 



i< [ 11/1(6,011^^(6)^3(6 + 6)^1^2 

Jr 2 8 

< 2 W2 f Fl (6)^(6)^3(6 + 6Kid6- 

Jr 2 



Estimate (|3.6[) is deduced from (13.131) by applying the same arguments in the £ 
variables. 

Next we turn to the proof of item (b). According to (13.11[) . we can assume 
that js = jmax- Moreover, it is enough to consider the two cases k m in = fc 2 
and kmin — & 3 (since by symmetry the case k m in = &i is equivalent to the case 

kmin = ^2)- 
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We prove estimate (|3.9|) in the case j'3 = jmax and k m i n = k^- It suffices to prove 
that if gi : R —> R+ are L 2 functions supported in for i — 1, 2 and 5 : R 2 — > R+ 
is an L 2 function supported in ifc 3 x [— 2 J3 , 2 J3 ], then 



(3.14) 

satisfies that 
(3.15) 



J(gx,92,g)~ f 51(6)32(6)5(6 + 6,^(6, 6Mi<Z6 

JR 2 



■/(ffl, 32, 3) < 2- 2fc "»" 1| 52 || i2 || 5 || i2 . 



Indeed, if estimate f|3 . 1 5[) holds, let us define gi(£i) = ff(£i,Qi), i — 1,2, and 
g(6 fi) = /$(£, #1 + #2 + O), for &i and #2 fixed. Hence, we would deduce applying 
(|3.15p and the Cauchy-Schwarz inequality to (|3.12l) that 



(3.16) 



I<2 



-2k„ 



"II/: 



3 Hi? 



II/1(-^i)IIl ? II/2*(-^2)||l|^i^2 



< 2 



-2fc, 



-2« 1 +*)/ a [[/*|| i2 J/J|| i? J/J 



which is estimate (I3.9[) in this case. To prove estimate (|3.15p . we apply twice the 
Cauchy-Schwarz inequality to get that 

J(gu92,g) < \\9ih492\\v[ y 0(6+6, n(£i,6)) 2 d£id&) 7 . 
Then we change variables (616) = (6 + 6,6), so that 



(3.17) J{gi,92,9)< IklMblU 2 
We observe that 



M 2 



3(6,^(6-6,6)) 2 « 2 )" 



^7^(6 — 6,6, 



5(6 



' \4 



2 ) 4 | 



->4fc„ 



since 2 fel ~ 2 fcmal by the frequency localization. Then, the change of variables 
/ii = 6 and A*2 = ^(6 — 6,6) i R P-17P yields (|3.15p . which concludes the proof 
of estimate (|3.9p in this case. 

To prove estimate (|3.8[) in the case (k m i n , j max ) = (&3, J3) and k^ > 1, we observe 
arguing as above that it suffices to prove that 

/2| 



(3.18) 



J(3i,32,3)<2-( 3fc — +fe ™^ 2 



I3i||l 2 ||32||l 2 H3IIl 2 , 



where J(3i,32,3) is defined in (|3.14l) . First, we change variables 6 = 6 and 
6 = 6+6, so that 



J(9i,92,9) = / 31(6)32(6 -6)3(6,^(6,6 -6)Kirf6- 

JR 2 

The Cauchy-Schwarz inequality implies that 



(3.19) 



J(gi,92,g) <||3i|IHNU 2 ( f g(&M&,&-&))*d&d& 

\ .102 



We compute that 
_d 
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7^1,6-6) = 5 |(6) 4 -(6-6) 4 h2 3fc — 
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since |6I ~ 2 fcmaa: and |6I ~ 2 fcmi ™ due to the frequency localization. Therefore 
estimate (|3.18|) is deduced by performing the change of variables fi[ = ^2(6, 6 _ 6) 
and ^2 = 6 m P-191) . On the other hand, by writing, 

/= / (7i*/a)-/ 2 

and arguing as in (|3.16[) . we get estimate (J3T7J) in the case (k m in, jmax) = (^3,^3)- 
Estimate (|3.10j) is stated in Lemma 2.3 (c) of [7] and its proof follows closely 
the one for the dispersion generalized BO in [9]. However, for sake of complete- 
ness we will derive it here. According to (|3.11|) . we may assume that jmax = ,]3- 
Furthermore, we have following Q3.12p that 



(3.20) 1 



where 



3 . 

J2 / Mi,e 1 )fl{^e 2 )fl^ 1 +^e 1 + e 2 + mi^2))d^d£, 2 de 1 de 2 



h 



Ki = {(Ci,6^i,fe)G]R 4 : e 1 -6<0}, 

^2 = {(£1, 6,01,02) eM 4 : 6"6 >0and |6~6| 

*3 = {(6,6,01,02) eM 4 : 6-6 >0 and |6-6I 

and R is a positive number which will be chosen later. 
First we prove that 

(3.21) h < 2^— +^-)/ 2 2- 2fc — ||A|| L2 ||/ 2 || i2 ||/ 3 || L2 , 
which would imply 

(3.22) h < 2W3yW 4 2-*™~ \\h\\LA\f2\\LA\h\\L^ 



after interpolating with estimate (J3T6J) . 

To prove (|3.2ip . we argue as for (|3.9j) . so that it suffices to prove 

(3.23) J(9i,92,9) <2- 2fe — \\9i\\l492\\l49\\l^ 

where J{gi, 52, g) is defined as in (|3.15|) . By symmetry, we can always assume that 
16 1 < 161- We apply twice the Cauchy-Schwarz inequality and perform the change 
of variables (£1,6;) = (6,6 + 6) to obtain that 

(3.24) J(gi,g 2 ,9) < IMMIs 2 |U=( [ & - £)) 2 dfr£a 
Now observe that 

1^7^(6,6-6)1 = 5|(6) 4 -4(6) 3 6 + 6(6) 2 (6) 2 -46(6) 3 | ~ 2 4fc — , 

due to the frequency localization and the restriction 6 ' 6 ^ (which is a conse- 
quence of the assumptions 6 ' 6 < an d |6I < 161)- Therefore, the change of 
variables (/iii,/4) = M6>6 ~ ^1)^2) in y ields estimate (|3T2%|) . 

To deal with ^2, we get as in (13. 13)) that 

Ja < 2^/2 r ^(6)^2(6)^3(6 + 6)^6^6- 

J\£i-£2\<R 
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Then, we obtain by letting (£(,£2) = (6 — £2, £2) and applying twice the Cauchy- 
Schwarz inequality that 

h < v—' 2 [ + e 2 )F 2 (Qm[ + 26)« 2 

(3.25) JWi\<R 

<2^"/ 2 i2 1 / 2 ||/ 1 |U 2 ||/ 2 |UHI/3||^- 
Next, we observe that in the region D?3, 

\H g|* = (|6 - 6i • \& + + 6d + ell) * > cr^2^' 2 > 2, 

since -R will be chosen large enough. Thus, the Cauchy-Schwarz inequality implies 
that 



/3 < E -l/ 22 -3W2|| /3 | k2 



(3.26) 



€l + ?2 = « 
01 + 02 = 



|£i - 6 4 |? /i(6^i + ^(6))/ 2 (6^2 + u/(6)Ki<0i 



where the definition of | - 1 1 is given just before Lemma l2.15l By Plancherel's identity, 
the L 2 -norm of the integral on the right-hand side of f|3 . 26[) is equal to 



1 ,f>2 



e -u { » 1+ » 2) , |Cf-6 4 |i/i(6^i+^(6))/ 2 (6^2+^(6))rf6^i^ 2 



?i+«2=e 

This implies after changing variables Tj = 9i+w (£j) for i = 1,2 and using Minkowski's 
inequality that 

/ 3 < ir l/2 2- 3fe — / 2 ||/ 3 ||l 2 



x / ^ 1 (ri)77< j2 (r 2 )||j 2 (e t ^^- 1 (/ 1 (-,r 1 )),e t ^^- 1 (/2(-,r 2 )))|| i2 d n dr 2) 

where the bilinear operator 3 2 is defined in Lemma l2.15l Therefore, we deduce from 
estimate (|2.51[) and the Cauchy-Schwarz inequality that 

(3.27) I 3 < JT 1 /^- 3 *""- / 2 2^"—/ 2 2^- /2 ||/i|| l2 ||/2||l2||/ 3 || l2 . 

Finally, we conclude estimate (|3.10[) gathering estimates (|3.20[) . (|3.22p . (|3.25l) . 
(13^271) and choosing R = 2- 3fe — / 2 2^*<*/ 2 . 

This finishes the proof of Lemma 13.21 □ 

As a consequence of Lemma \'3. 21 we have the following L 2 bilinear estimates. 

Corollary 3.3. Assume that k\, fc 2 , &3 G Z + , ji, j 2 , J3 £ Z + and /$ : M 2 — > M.+ 

are L 2 functions supported in j t for i = 1,2. 

(a) Then it follows that 

(3.28) \\l Dk3d3 ■{fx*f2)\\ L . <2 fe — /2 2^/ 2 \\h\\ L 4h\\ L ,. 

(b) Let us suppose that k 7n i n < k. max — 5. // we are in the case where (ki,ji) — 

) for some i £ {1, 2, 3}, then it holds that 

(3.29) \\l Dk3>j3 ■ (A * / 2 )|| L2 < 2«i+*.+i3)/2 2 -Wa 2 -a*»« \\A\\ L 4f 2 \\ L z. 
If moreover k m i n > 1, i/ien 

(3.30) 

||l Dfc3 ,, 3 • (/i */a)|| £a < 2^+^+^)/ 2 2--'— / 2 2-( 3fe — + fc ™)/ 2 ||/ 1 || L2 ||/ 2 || i2 . 
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In all the others cases, we have that 

(3.31) p Dk3 ^ ■ (A* /a) 11^ < 2^ + A+«)/ a 2-^»«/ a 2- 2 *»«||/ 1 || £a ||/ 2 || ia . 

Proof. Corollorav l3.3l follows directly from Lemma l3~2l bv using a duality argument. 

□ 

3.2. L 2 trilinear estimates. Now, we prove the L 2 trilinear estimates. In this 
case, the resonance function SI := 0(6,6,6) i s given by 

(3.32) 0(6,6,6) := «(6) + «>(6) + «>(6) - ™(6 + 6 + 6)- 

Lemma 3.4. Assume that k\, k 2 , fc 3 , k^ G Z + , A, j 2 , A, A G Z + and fi : K 2 — >• 
R + are L 2 functions supported in D^ i j i for i = 1, 2, 3, 4. 

(a) TTien it follows that 
(3.33) 

(/1 * /a * / 3 ) • / 4 < 2( fc — +^)/2 2 0— +^)/ 2 ||A|M|A||l 2 ||AI|l 2 IIA||l 2 . 

(b) Moreover, let us suppose that k t hd < k max — 5. //we are in t/ie case where 
(ki,ji) — (k t hd, jmax) for some i G {1,2,3,4}, then it holds that 



(3.34) 



(3.35) 



(A * A * A) • A 

2 

<2te+^+j3+w)/22-i— / 2 2 fe '"/ 2 2- 2& — ||AIMIAIIl3||AHHIAIU=, 

and 

/ (A * A * A) • A 

JR 2 

< 2 0-x+i 2 +i 3+J4 )/2 2 -i m e <i /2 2fcTOi „/2 2 -2 fema « ||/ 3 || i2 ||/ 4 || i2 . 

In all the others cases, we have that 

(3.36) A 2 

< 2 Wi+A+i.+«)/2 2 -i^./2 2 k m<B / 22 -2fc ma . HAII^II/all^ll/all^ll^ll^. 

Proof. Estimate (|3.33|) can be proved exactly as estimate (|3.6|) . To prove part (b) , 
we follow closely the arguments of Guo for the mBO equation [10]. Let us dchnc 

(3.37) I:= f (A* A* A) - A- 
Observe that 

(3.38) 1=1 (A * A * A) • A = / (A * A * A) • A = / (A * / 3 * A) • A, 

JR 2 JR 2 JR 2 

where /i(6 T ) — 6 — r )- Therefore, we can always assume that jVnaz = A- 
Moreover, we introduce ff(£,6) = fi(£,0 + for i = 1,2,3. In view of the 

assumptions on A the functions f\ are supported in the sets 

Dl di ={(£,6):£el ki and |0| < 2*}. 

We also note that ||A||i2 = ||/f \\l 2 - Then, it follows changing variables that 
(3.39) 

1= I A'(6^i)/l(6^2)/I(6^3)/l(6 + 6 + 6^i + ^2 + ^3 + 0(6,6 ) 6))^, 
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where dv = d^xd^d^sdOidOidO^ and f2(6;6) is defined in (|3.32p . 

Since kthd < k max — 5 by hypothesis, we always have that k max ~ k su b- Thus, 
we only need to treat the following cases: k^ ~ k maxi k^ = kthd ancl ^4 — k m i n . 
Case ki ~ fc maa; . By symmetry, we can assume that ki < k2 < k^ < k^ in this case. 



For gi 



., L functions supported in 1^ for i = f , 2, 3 and g 



1/ function supported in 2& 4 x [— 2 U , 2 J4 ], let us define 



(3.40) J(gi,g2,93,9)~ / 51(6)52(6)53(6)5(6+6+6,0(6, 6, 6))d£i d£ad&. 
Then, arguing as in (I3.4ip . it suffices to show that 



(3.41) 



J(9U92>93,9) ^ 2 



-2k„ 



,/2| 



5l||L 2 ll52||L2||5 3 || L 2||. 9 || i 2. 



in order to prove (|3.36|) in this case. To prove estimate (|3.41[) , we change variables 
(6^ £2, £3) = (6,6,6 +6 +6) an( i a Pply twice the Cauchy-Schwarz inequality in 
the 6 and £ 2 to deduce that 

(3.42) J( gi ,9 2 ,93,9) < WtoWishaWv / 5i(£i)( / <?(£ 3 ^) 2 « 3 ) * d^. 

^ l^i I ~2 fc i WR 2 ' 



We observe that 
d 



^(£i,£ 2 ,£ 3 £D = 5|(£ 2 ) 4 - (£3 - £2 + 6T| 



by using the frequency localization. Thus estimate (|3.4ip is deduced by performing 
the change of variables (^2,^3) = (^,£3) in the inner integral on the right-hand 
side of (|3.42l) and by applying the Cauchy-Schwarz inequality in the variable £[. 
Case ki = k m i n . In this case, we can assume without loss of generality that 
ki < ki < fc 2 < fc 3 . It suffices to show that estimate (|3.41[) remains valid in this 
case. First, we change variables (£i,£ 2 ,£ 3 ) = (£1, £2, £1+6+6), so that ~ 2 kthd , 
|^| _ 2 fc — , \C 3 \ ~ 2 fe — and J becomes 

J(9i,92,93,g) 

5i(£052(£ 2 )53(£ 3 -£i -&)g(&A&&t3-& -£ 2 ))rf£W£ 2 rf£ 3 - 



Thus the Cauchy-Schwarz inequality in 6 implies that 
(3.43) 
^(51,52,53,5) 

< / .92(£ 2 )||5i(6)53(£ 3 -£ 2 -6)IL 2 \\g&A&,&,&-&-&))\\v « 3 - 

Moreover, we have that 
8 



96 



7 m, 6, 6 - £ 2 - £0 = 5K6) 4 - (6 - 6 - £2 



)4A:„ 



due to the frequency localization, so that we deduce through the change of variable 
[I 1 ! = f2 that 



(3.44) 



|5(£ 3 ,^(£i,£2,£3-£i-£2))| 



c2 



-2k„ 



!|5(£ 3 ,-)ll 



L' 2 ■ 
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Therefore, we deduce inserting (|3.44[) in Q3.43|) and applying twice the Cauchy- 
Schwarz inequality that 

J(suta,93,g) <2- 2kmax \\9ih492h493h* [ lls(&-)IM£ 3 

<2-^2W2|| 5l || £a || fla || ia || fla || 2 . a || fl || £ai 
which is exactly ()3.41| . 

Case &4 = kthd- Estimate (|3.34p follows arguing exactly as in the case = k m i n . 
On the other hand, estimate p.35|) can also be proved applying the arguments of 
the cases k± ~ k max or = k m i n , depending on wether j me d = ji, j 2 or j'3 and 
using the symmetry relation (|3.38[) . □ 

As a consequence of Lemma l3.4[ we have the following L 2 trilinear estimates. 

Corollary 3.5. Assume that ki, fa, £3, k± £ Z+, ji, j'2, j'3, j'4 £ Z + and 
fi : R 2 — > K_|_ are L 2 functions supported in Dk it j t for i = 1, 2, 3. 

(a) Then it follows that 

(3.45) ||lz^ 4 -(/i*/ 2 */3)|| i2 < 2< fe — +**M)/2 2 0™.n +^)/ 2 ||/ 1 || l2 ||/ 2 || l2 ||/ 3 ||l 2 . 

(b) Let tts suppose that kthd < i m «i — 5. // we are m £/ie case where (ki,ji) = 
(kthd, jmax) for some i £ {1,2,3,4}, i/ien «£ Zio/ds £/iaf 

||-*D fc4 , J4 ' (/l */2 */3)|| L 2 

<2^+^+^+^)/ 2 2-^/ 2 2^/ 2 2- 2fc --||/ 1 || i2 ||/ 2 |UHI/3||^. 

and 

11^*4,34 ' (Z 1 */2 */3)|| L 2 

<2^+A+A+W/ a 2-Wa 2 W2 2 - 2 ^-||/ 1 || w ||/ 2 || £3 ||/ 3 || ia . 
In aH i/ie others cases, we have that 

Pd^.u ■ (A * /2 * / 3 )|| L 2 

<2^+*+A+«)/ 2 2-^/ 2 2*-^/ 2 2- 2 *»«||/ 1 || ia ||/ 2 || £a ||/3lU'»- 



(3.46) 



(3.47) 



(3.48) 

Proof. Corolloray [33] follows directly from Lemma [3~!4l by using a duality argument. 

□ 

4. Short time bilinear estimates 

The main results of this section are the following bilinear estimates in the (T) 
spaces. Note that to overcome the high-low frequency interaction problem (c.f. 
[32]). we need to work with a = 2 (see Lemma [4.31 below). Therefore, we will fix 
a — 2 in the rest of the paper and denote respectively F£(T), N$(T), F|, iV|, F ki2 
and N k<2 by F S (T), N S (T), F s , N s , F k and N k . The main results of this section 
are the bilinear estimates at the H s and L 2 level. 

Proposition 4.1. Let s > 1 and T € (0, 1] be given. Then, it holds that 

(4.1) \\d x (udlv)\\ NS{T) < |M| FS(T) ||v|| F i (T) + ||u|| jF i (T) |H| F3(T) , 
and 

(4.2) \\d x ud 2 x v\\ N s (T) < ||u||f'(t)||«||fi(t) + IMIi«(T) IMIf=(t), 
for all u, v £ F S {T). 
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Proposition 4.2. Let T G (0, 1] be given. Then, it holds that 

(4.3) ||d a .(ue^u)||j V o( T ) + \\d x (vdlu)\\ N o (T) < \\u\\ F a(T)\\v\\ F o( T ), 

and 

(4-4) \\d x (d x ud x v)\\ N o {T) < \\u\\ F 2 {T) \\v\\ F o {T) , 

for all u G F 2 (T) and v G F°(T). 

We split the proof of Propositions 14. II and 14.21 in several technical lemmas. 

Lemma 4.3. [high x low — > high] Assume that k, fei, ki G Z + satisfy fc — fcg| < 3 
and < fci < max(fc, A^) — 5. Then, 

( 4 -5) llPfca^Ufe^UfcJH^ < ||wfc I ||F fcl ||«fc a ||i!' fc2 , 

and 

(4-6) llPfc^u^^Ufc,)!!^ < llu/UlFkJwfcJf-fc,, 

/or a// u fcl G F kl and v k2 G Pfc 2 ■ 

Remark 4.4. In the case fci = 0, the function u G Po is localized in spatial low 
frequencies corresponding to the projection P<o, since we choose to use a nonho- 
mogeneous dyadic partition of the unity to define the function spaces F s and N s 
(see Section 2). 

Remark 4.5. Lemma 14.31 still holds true under the assumptions k, fci, k% G Z+, 
\k — fci| < 3 and < k% < max(fc, fci) — 5. The proof is exactly the same, therefore 
we will omit it. 

Proof of Lemma \4-3\ We only prove estimate f|4-5|) , since the proof of estimate (|4.6[) 
is similar (and even easier). First, observe from the definition of N k in (|2.6[) that 

(4.7) \\Pkd x (u kl d 2 x v k2 )\\ < sup \\(T-w(0+i2 2k y 1 2 3k l Ik f kl *f k2 \\ 

k tfcSR 

where 

f kl = \?( V0 (2 2k (--t k ))u kl )\ and f k2 = |J(r/ (2 2fe (. -t k ))v k2 )\. 
Now, we set 

fk,.2k(£,,T) = v<2k(r - w(£))f ki (£,r) and fkuhi^r) = ^(r - w(£))/fci(& T ). 
for ji > 2k. Thus, we deduce from (|4.7p and the definition of X k that 

(4.8) \\P k d x (u kl d 2 x v k2 )\\ <su P 2 3fc Yl 2 " i/2 |l 1 ^, J -/fe 1 J 1 */fe 2 , J - 2 |U= , 

where Pfcj is defined in p. 51) . Here, we use that since | (r — u>(£) + i2 2fc ) 1 1 < 2~ 2k 
the sum from j = to 2k — 1 appearing implicitely on the right-hand side of (14. 7p 
is controlled by the term corresponding to j = 2k on right-hand side of (|4.8|) . 
Therefore, according to Corollary 12 . 71 and estimate (|4.8p it suffices to prove that 

(4.9) 2 3fc ]T 2-^||l Dfci . . *f k2 , h )\\ L2 <2^|| /fcii . i || i22 W2|| /fe2! . 2 | U!!) 

j>2fc 

with ji, J2 > 2fc, in order to prove estimate (|4.5[) . 
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But, we deduce from estimates (|3.29p and (|3.31[) that 

2 3k 2J 2~ j/2 ||1d w ' {fkuji *fk 2 ,j 2 )\\ L 2 
j>2k £,T 

< 2 3fc J- 2--'"/22^2^/2|| /fciji || i22J V2|| /fe2 j2 || L2; 

j>2k 

which implies estimate (|4.9|) after summing over j. This finishes the proof of Lemma 
1431 □ 



Lemma 4.6. [high x high — » high] Assume that fc, fci, k 2 € Z + satisfy k > 20, 
|fc — fe| < 5 and — 1 < 5. Then, 

(4-10) \\Pkd x (u kl d 2 x v k2 )\\ Nk < \\u kl \\ Fkl \\v k2 \\ Fh2 , 

and 

(4-11) \\P k (d x u kl d 2 x v k2 )\\ Nk < \\u kl \\ Fki \\v k2 \\ Fk2 , 

for all u kl 6 F fel and u fc2 G F fca . 

Proof. Once again we only prove estimate (|4.10p . Arguing as in the proof of Lemma 
14.31 it is enough to prove that 

(4.12) 2 3k 2- J ' /2 ||l^ • (f kl ,h *fk 2 , h )\\ L \ Z 2^/ 2 ||/ fclJ1 |U 2 2^/2|| /fc2j2 || i2! 

j>2k 

where f kil j i is localized in D kii j i with j'j > 2k for i = 1, 2. 

We deduce by applying estimate ()3.28j) to the left-hand side of (|4.12p that 



2 3^ 2 - J 72|| 1 ^_. (/fci . i , / ^ 



J>2fc 

(4.13) 



<2 3fc 2 2^ 2 2 fe / 2 2^"./ 2 ||/ fclJ1 |U 2 ||/ fe , j2 IU 2 . 

j>2k 

According to Lemma 13.11 and the frequency localization, we have that 

(4.14) 2 jmax ~ max{2 J "- d , 2 5fe }. 

Finally, we observe that (|4.13p and ()4.14p imply estimate ()4.12p . This is clear in the 
cases where j m ax — ji or 22 by using that 2 Jmax > 2 5k and summing over j > 2k. 
In the case where j ma x = j, we have from (|4.14p that either 2 J ~ 2 5k or 2 J ~ 2 3mc£i . 
When 2 J ~ 2 5k , estimate (|4. 1 2[) follows directly from f|4. 13[) since we do not need 
to sum over j, whereas when 2 J ~ 2 Jmed , we can use one of the cases 2^ mam = 2 jl 
or 2Jma« = 2J'a to conclude. □ 

Lemma 4.7. //lig/i x high — > low] Assume that fc, fci, £2 £ satisfy k 2 > 20, 
|fo — fe| < 3 and < k < max(fci, kz) — 5. Then, 

(4.15) \\Pkd x (u kl d 2 x v k2 )\\ Nk < k 2 2 k *- k \\u kl \\ Fki \\v k2 \\ Fk2 , 

(4.16) 11^^(^9x^)11^ <k22 k2 - k \\u kl \\ Fki \\v k2 \\ Fk2 , 
and 

(4.17) ||^(5^ fei aX)L fe <fe2 2 ( fc - fe )|| Ufcl ||^ i ||« fe2 ||F fc2 , 
/or all u kl 6 and w fc2 g F fe2 . 
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Remark 4.8. It is interesting to observe that the restriction s > 1 in Proposition 
14.11 appears in estimate (|4.17|) . 

Remark 4.9. Note that in the case k = 0, by convention Pq — P<q. 

Proof. We prove estimate ()4.17[) . since estimates (|4.15j) and (|4.16[) could be proved 
in a similar way. Let 7 : R — > [0, 1] be a smooth function supported in [—1,1] with 
the property that 

l 2 ( x ~ m) = 1, VieM. 

We observe from the definition of Nf. in (|2.6[) that 
\\Pkd x (u kl c%Vk 2 

^ < S up\\(r-w(0+i2 2k )- 1 2 3k n Ik E 

where 



- n,,(<:\ J_ ,-9 2fc W 1 9 3fc 2 1 T tv* * fT 

. : 2 1 1 X k 

tfcGR |m|<2 2 C*2-fe) 



and 

for i = 1,2. 
Now, we set 



f£ = \?(vo(2 2k (- - h)h(2 2k H- - t k ) - m)u kl )\, 
/£ = I J(%(2 2fc (- - t fe ))7(2 2fc2 (' - **) - m)u k2 )\, 



fZl,2k 2 & r) = V <2k 2 (r - u>(0)/* (£, r) and /£,, = % (r - w(0)f%(t;, r), 
for j'j > 2&2. Thus, we deduce from ()4.18|) and the definition of Xk that 

||-Pfc^(u fel 9^)11^ 
(419) S Bup 2^2- 2fe ^ ^ ^/-.Jl 

j>0jij 2 >2fc 2 

Therefore, according to Lemma 12.21 and estimate (|4.19p it suffices to prove that 
(4.20) 

with ji, j'2 > 2fc 2 , in order to prove estimate (|4.17|) . 

In the cases j max = ji or j max = j 2 , say for example j max = ji, we deduce from 
estimate (|3.31j) that 

2 3fe E 2 ^ / 1 1 5 fc ,,-tex*/S,iJIL= 

j>0 

< 2 /c 2 £ 2 -,/2 2 ,/2 ||/ ™ ji || L2 2^/2||/- , 2 || i2 

i>o 

< fc 2 2^/ 2 [[/ fe ™ JI |Ua2^/2|| / - .J| i2 +2 fe £ 2-^^11^11^^/311/^11^, 

3>2ka 

which implies estimate (|4. 19|) by summing over j. 

In the case j m ax = j, we have that 2 3 ~ max{2 Jme,J , where il is defined 
in (13.11). If 2- 7 ~ 2 3mcd , then we are in one of the above cases, whereas in the case 
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2 j ~ we deduce from (f3~2]) that j < 4fc 2 + 5. Therefore, we get from (pT29|) that 

o3fc 2 o-j/2 II -i _ . / f m . cm \\\ 
1 l^, 1 \\ L D k}] [Jkuj,* Jk 2 ,j 2 )\\ L 2 

j>0 

<2 ta fe2-^2^+^)/ 2 2-^/ 2 ||ySj 1 IU»ll/gj a ll^, 
which yields (|4.19|) . since j me d > 2fe. □ 

Lemma 4.10. /Zoiu x low — > low] Assume that k, hi, fc 2 G Z + satisfy < 
fc, fci, fc 2 < 100. Then, 

(4-21) ||-Pfc9x(wfcx 9^)11^ < HwfcillFfcJIwfcjIlFfcj, 

and 

( 4 - 22 ) HA (9x^9^)11^ < IIWfcJlFkJIWfcjII^, 

for all u kl G F kl and v k2 G F k2 . 

Proof. Once again we only prove estimate (|4.21[) . Arguing as in the proof of Lemma 
14.31 it is enough to prove that 

(4.23) £V i/a |l lD *J • (/ fclJa * f k2 , 32 )\\ L2 < 2 j ^f kuj J L 22^f k2 , h \\ L2 , 

j>0 

where fk it ji is localized in D ki j i with ji > for i = 1, 2, which is a direct conse- 
quence of estimate (|3.28[) . □ 



Finally, we give the proof of Proposition ^. II Note that the proof of Proposition 
14.21 would be similar. 



Proof of Proposition \4-l\ We only prove estimate (|4.2I) , since the proof of estimate 
(I4.ip would be similar. We choose two extensions u and v of u and v satisfying 

(4.24) \\u\\ F . < 2\\u\\ F . (T) and \\v\\ F s < 2\\v\\ F s (T) . 

Therefore d x ud x v is an extension of d x ud x v on R 2 and we have from the definition 
of N S (T) and Minkowski inequality that 

2 1 

\\d x ud 2 x v\\ Ns{T) < (]T2 2fcs ( ]T \\P k (d x P kl ud 2 x P k2 v)\\ Nk " ' 

k>0 fei,fc 2 >0 

where we took the convention Pq = P<q. Moreover, we denote 



Ai = {(fci,fc 2 ) G 

a 2 = {(fc 1; fc 2 ) g i:\ 

A 4 = i(fci,fc 2 ) G Z2_ 
A 5 = {(fci.fta) ezi 



1*2 ^ k\ < 3 and < k\ < max(fc, fc 2 ) — 5}, 
|*i — k\ < 3 and < /c 2 < max(fe, k±) — 5}, 
|fci - k 2 \ < 5, |Ai - k\ < 5 and fc > 20}, 
jfei - k 2 \ < 3, < A: < max(fci, fc 2 ) - 5 and fc 2 > 20}, 
< k, h, k 2 < 100}. 

Note that for a given k G Z + , some of these regions may be empty and others may 
overlap, but due to the frequency localization, we always have that 

5 

\\d x ud 2 x v\\NHT)<T,(T, 22kS { E \\Pk{d x P kl udlP k2 v) 

(4.25) 

-E* 



. 2 

\N k 



5 



j=0 
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To handle the sum Si , we use estimate (|4.6j) and the Cauchy-Schwarz inequality 
to obtain that 



fc-6 . 2 



(4.26) Sx< (E^'^E \\ P k^\K\\Pkv\\F k ) )~ 2 < 



\U\\ F o+\\V jr., 



fe>0 fei=0 



where we assumed without loss of generality that max(/c,fc 2 ) = k. Similarly, we 
deduce from remark [53] that 

(4.27) S 2 <\\u\\ F 4v\\ F0+ . 
Estimate (|4. 1 1[) leads to 



(4-28) S 3 < (E^MklMlKr <\\u\\fo\\v\\fs. 



k>0 



Next, we deal with the sum S4. Without loss of generality, assume that max(fci , k 2 ) 
k 2 . It follows from estimate (|4.17l) and the Cauchy-Scwarz inequality in k 2 that 



/c 2 -5 



(4.29) 



^4 < ( E 22 ^ 2) ( E k 2^ k2 \\Pk 2 u\\F k2 \\P k2 v\\F k 
k=0 k 2 >0 

<(E 22fe2S ii p ^nk 2 )"(E 22fe2 iift 



fc»«llL 



k 2 >0 k 2 >0 

<\\u\\f*Hfi, 



since s > 1. Finally, it is clear from estimate (|4.22j) that 
(4.30) S 6 < NM|C||fo. 

Therefore, we conclude the proof of estimate (|4.2[) gathering (|4.24p - (|4.30p . □ 

5. Energy estimates 

As indicated in the introduction we assume for sake of simplicity that C3 = 0. 
We also recall that, due to the short time bilinear estimates derived in the last 
section, we need to work with a — 2 in the definition of the spaces F£, F^(T) and 
Fk. a and therefore we will omit the index a — 2 to simplify the notations. 

5.1. Energy estimates for a smooth solution. Due to the linear estimate 
(|2.32|) . we need to control the norm || • ||ss( T ) of a solution u to (|1.1|) as a function 
of ||uo||h s and ||it||j?8pn. However, we are not able to estimate ||u||jj s (t) directly. 
We need to modify the energy by a cubic term to cancel some bad terms appearing 
after a commutator estimate (see Remark 15 . 71 below) . 

Let us define ip(0 '■— £V(£)j where r\ is defined in (I2.3[) and ' denote the deriv- 
ative, i.e. r/(g) = j^viO- Then, for k > 1, we define ipk(0 = VK 2 ~ fc 0- We also 
denote by Qk the Littlewood-Paley multiplier of symbol ipk, i- e. QkU = < 5 X (ipk^xU) ■ 
From the definition of r\k in (|2.3[) . we observe that 



(5.1) MO = 2- fc ^'(2- fc O = ^(V^O) = tfkiO- 
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Finally, we define the new energy by 

E k (u)(t) =\\P k u(;t)\\ 2 L2 + a I {uP k d- l uQ k d- l u){x,t)dx 



(5.2) 

+ /3 (uP k d x 1 uP k d x 1 u)(x,t)dx, 
Js, 

for any k > 1, and 

(5.3) ^( u ) = ||P< oU (-,0)||i 2 +V2 2fes sup E k (u)(t k ), 

fc >! t k e[-T,T] 

where a and j3 are two real numbers which will be fixed later. This modified 
energy may be seen as a localized version of the one introduced by Kwon in [25j . 
The next lemma states that when ||tt||io?fr» is small, then Ej>(u) and ||u||^ a ^ T ^ are 
comparable. 

Lemma 5.1. Let s > Then, there exists < Sq such that 

(5-4) \\\u\\ 2 B s {T) < E> T {u) < ^\\u\\% a(T) , 

for all u G B S {T) n C([—T, T];H S (R)) satisfying ||u|U~ffj < 6 . 

Proof. First observe that, due to the Sobolev embedding H S (M.) <-> L°°(K), 

/ (uP k d~ 1 uQ k d x ~ 1 u)(x,t k )dx <\\u\\l°°hz E ll p fc' M ('>* 

|fe-fe'|<3 

for all k > 1. It follows that 

Ek(u)(i) > HflfetiWIIi. -cH||«|U3.H.||A(«)(i)ll^ E II^W'.**)!!!" 

|fe-fc'|<3 

-c\P\\\u\\ L¥Hl \\P k (u)(t)\\l 2 , 

for any t G [—T,T] and k > 1. Thus, if we choose ||w||l°°_f/s < 5q with Jo small 
enough, we obtain that 

E k {u){t) >-\\P k u{t)\\\ 2 - ±- sup \\P k (u)(t k+1 )f L2 
4 50 t fc+1 e[-T,T] 

-i su p 

0U tfc_i£[-T,T] 

which implies the first inequality in (|5.4I) after taking the supreme over t G [— T, T] 
and summing in fc > 1. The second inequality in (15.41) follows similarly. □ 



Proposition 5.2. issurae s > 1 and T G (0, 1]. TTien, if u £ C([-T,T];H°°(M)) 

is a solution to (jl.ip urafft C3 = 0, we /iawe i/iai 

(5.5) 

< (l + h0]]^)]]^0||| f » + (l + |k|| F | + (r) )||w|| Jr j (T) Hll*(T) + IN^j + (r) IMll=(T)- 

As a Corollary to Lemma [5.1l and Proposition l5.21 we deduce an a priori estimate 
in || • ||bs(t) for smooth solutions to 
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Corollary 5.3. Assume s > 1 and T G (0, 1]. Then, there exists < So < 1 such 

that 

(5.6) 

ll«ll|.(D £ ll«o|lff« + (!+ IMU+ (T) )IMI F | (T) IMll*(T) + IMI F f +(T) IMlL(T), 
/or aZZ solutions u to wi/i C3 = and satisfying u G C([— T, T]; ff°°(K)) and 

r rr 2 1 

We split the proof of Proposition 15.21 in several lemmas. 
Lemma 5.4. Assume that T G (0,1], fci, &2, &3 G Z + and that uj G /or 

j = 1,2,3. 

(a) In i/ie case fc m m < fe maa ; — 5, it holds that 



3 

(5.7) / u lU2 u 3 dxdt < 2~ kma * TT 

Jrx[o,t] j=1 



3 



(5- 



If moreover k m i n > 1, we also /iawe £/ia£ 



. 3 

/ u lU 2U 3 dxdt < 2-2 fe ™-2- fcmi " TT 



C[0,T] 

(b) In i/ie case |fc m i„ — k max \ < 10, z< holds that 



\\ u j\\F k 

3=1 



3 

(5.9) / Ul u 2 u 3 dxdt < 2- 7fc — / 4 TT KH^.- 

ilx[0,T] £=1 J 

The following technical result will be needed in the proof of Lemma 15.41 
Lemma 5.5. Assume k G Z + and I Cl is an interval. Then 

(5.10) sup ^ 2 \\ Vj (T - ^(OJ^liW/)!^ < \\Hf)\\x h , 
/or aH / smc/i i/iai G -Xfe- 

Proof. Fix j G Z+. We can also assume that j > 5. By writing 
/ = E ^ M T - K£)OT)(£> r)] =: £ /„ 

we have that 

(5.11) y/2||^( T - w (0)?(l/«/)|| i2 < 2 J/2 E IM T " ^W/W/Jly. 

<?>0 

On the one hand, Plancherel's identity implies that 

(5.12) 2^ 2 £ ||%(r-^Ml/(*)/ 9 )L 2 < E 2 q/2 h q (T-w(0)Hf)\\ L2 . 

q>j-5 q>j-5 
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On the other hand, we have that |9 r t(l/)(T)| < A-, since I is an interval of R. Thus, 
we deduce by applying the Cauchy-Schwarz inequality in r' that 

y /2 Y,h(T-Homii(t)f q )\\ L2 

q=0 

(5.i3) <y/*j2h(T-w(0) I mmy)\ Vq{ ''~ w ,f ]) dT'\ 

q=0 JK I' 

3 -4 

<^2^ 2 ||, y9 (r- W (C)m/)|| L2 , 

9=0 

since |r — r'| ~ 2 J in this case. 

We deduce estimate (|5.10j) gathering f|5.11J> — (|5.13jl and taking the supreme in 
3- ' ' □ 



T 2 



Proof of Lemma \5.4\ Assume without loss of generality that k\ < k 2 < k% . More- 
over, due to the frequency localization, we must have |&2 — ks\ < 4. We hrst prove 
estimate (|5.7|) . Let j3 : R — >■ [0, 1] be a smooth function supported in [—1, 1] with 
the property that 

P 3 {x - m) = 1, Viet. 

Then, it follows that 

(5.14) / u lU2 u 3 dxdt < \ Y[(P(2 2k3 t-m)l [o T]Ui)dxdt\. 

•/KX[0,T] | m |<C2"3 ' jR2 i=l 

Now we observe that the sum on the right-hand side of (|5.9j) is taken over the two 
disjoint sets 

A={meZ : f3{2 2k H - m)l { ^ T] = /3(2 2fea i - m)}, 

and 

B = {to e Z : /3(2 2fc3 t - m)l [0l T] 7^ /3(2 2fc3 i - m) and /3(2 2fc3 t - m)l [0 ,T] + 0}. 
To deal with the sum over .A, we set 

fZ.2k 3 = »7<2*,(t - ™(£))|?03(2 2fe3 i - m)«<)| 

and 

/£j = Vj(r - w(0)\?(m 2h3 t - m) Ui )\, for j > 2fc 3 
for each m £ A and i 6 {1,2,3}. Therefore, we deduce by using Plancherel's 
identity and estimates (|3.7p . Q3.9P that 

I /" 3 

(5.15) <sup2 2fc 3 ^ f fZj l *fZj,'fZj.^ 

< su P 2- fe3 n j2 v i/3 \\fZjM' 

meA i=lji>2k 3 
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This implies together with Lemma [2721 that 
(5.16) 

Now observe that #23 < 4. We set 



„ 3 3 

E|/ n (^ 22kH - ™)i[ 0) T]O<H % 2_fc3 n k-k 



= - ^(0)|^(/3(2 2fe3 i - m)l [0 ,r]^)|, 

for i G {1,2,3}, j > and m £ 23. Then, we deduce arguing as above and using 
Lemma 15.51 that 



E 



3 

/ T\{j3{2 2k H - m)lr 0> TI«i) dxdt 

<sup E / 9t,n*9Z,n-9T 3 , j3 ^dr 



(5.17) 



< sup 2- 2k * E 2 - W/2 II SU P 2JV2 |ICJU 2 



J1»J2»J3>0 «=1 J + 



<2 «, / . 

Note that in the last step of (|5.17j) . we use the fact that 2 Jmax ~ max(2 Jmcti , fi) to 
control the sum over j m ax- Indeed, the case 2 3mam ~ 2 Jmed is trivial, whereas in the 
case 2P max ~ 17, we observe from (|3.2p that jVraaa; < 5/c3 + 6. 

We deduce estimate (|5J|) gathering (|5.14l) - (15.17l) . Note that estimate (|STg|) is 
obtained arguing as in (|5.14[) ~ (|5.17|) and by using (|3.8p instead of (|3.7p and the fact 
that 2*""* > 2 4fe3 2 fcl (c.f. Lemma OD}. 

Finally, we only give a sketch of the proof of estimate (|5.9[) since it follows 
the same lines as the proof of estimate (|5.7[) . Note that under the assumption 
\kmin — k me d\ < 4, we have that 2 kl ~ 2 fe2 ~ 2 fe3 . Moreover, we can assume that 
ki > 10, since the proof is trivial otherwise by using Q3.6p . We introduce the same 
decomposition as in (|5.14p and split the summation domain in A and 23. The 
estimates for the sum over the regions A and 23 follow by using (|3.10p instead of 
IpTTj) and |3Jl) and the fact that 2 Jma * > 2% k3 (c.f. Lemma l3"7Tj) . 

□ 

Lemma 5.6. Assume that T G (0, 1], fc, fci G Z + satisfy ki < /c — 6, u G and 
u G F°. Then, it holds that 

(5.18) 

p k vP k d x (d 2 x vP kl u)dxdt 



x [0,T] 

P k d x vP k d x vP kl d x udxdt 



x[0,T] 

/ P k d x vQ k d x vP kl d x udxdt < @(k,ki)\\P kl u\\ F E ll-ffc' w llk, 



|fe'-fe|<3 



34 



C. E. KENIG AND D. PILOD 



(5.19) 



PkvPk (P kl d x udlv)dxdt 



x[0,T] 



x[0,T] 



Pk d x vP k d x vP kl d x udxdt 



<Q{kM)\\PkM\ Fkl £ Uglily, 

|fc'-/c|<3 

where Q{k,k\) = 2 2kl . Moreover, if k\ > \, we can choose Q{k,k\) = 2 kl 2~ k / 2 . 
Remark 5.7. Lemma 15.41 does not permit to control the terms 



x[0,T] 



Pkd x vP k d x vP kl d x udxdt 



and 



x[0,T] 



P k d x vQ k d x vP kl d x udxdt 



without loosing a 2 k factor, which would not be good to derive the energy estimates. 
For that reason, we need to modify the energy by a cubic term (c.f. (|5.3[) ) in order 
to cancel those two terms. 

Proof of Lemma \5.6\ We first prove estimate f|5 . 18|) . After integrating by part, we 
rewrite the term on the left-hand side of (|5 . 18|) as 

- / Pkd x v ( [P k , P kl u] d 2 x v - Q k d x vP kl d x u) dxdt, 

JRx[0,T] V ' 

where [A, B] = AB—BA denotes the commutator of A and B. Now, straightforward 
computations using (|5.1I) lead to 

?([P k ,P kl u]dlv - Q k d x vP kl d x v)j (C,r) 

= c f m(Z,Z 1 )?(P kl d 2 x u)(Z U Ti)?(v)(Z-b,T-n)dbdT 1 , 



where 



|m(£,£i)| := 



Vk(0~Vk(^-^)-V k ^-^i 



< 1, 



due to the Taylor-Lagrange theorem and the frequency localization on £ and £i. 
Therefore estimate (|5 . 1 8[) follows arguing exactly as in the proof of Lemma 15.41 
To prove of estimate (|5.19p . we first observe integrating by parts that 



/ P k d x vP k d x vP kl d x udxdt 

JRx[0,T] 



x[0,T] 



P k vP k dlvP kl d x udxdt 



P k vP k d x vP kl dl udxdt 



x [0,T] 

First, we apply estimates (|5 . T[) and (|5 . 8[) to obtain that 

/ p k vP k d xV p kl d 2 xUl dxdt ^ei^k^WPkMlF.JPkvfp^ 

Jlx[0,T] 

On the other hand, we observe that 

P k vP k (d 2 x vP kl d x u)dxdt 



x[0,T] 



x[0,T] 



P k vP k d x vP kl d x udxdt 



x[0,T 



Pkv( [Pk , P kl d x u] dlv^j dxdt. 
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An easy computation gives 

?{[P k ,P kl d xU ]d 2 x v)(t,T) 

= c [ rn^^Pk^u^^T^id^-^T-r^dn, 

JR 2 

where 



%(£)-%(£-£i) 



(e-a) 



due to the mean value theorem and the frequency localization on £ and £1 . We finish 
the proof of estimate (|5 . 19[) arguing exactly as in the proof of Lemma 15.61 □ 



Lemma 5.8. Assume that T G (0,1], fci, k 2 , ^37^4 £ ^+ an d that Uj G F^. for 
j = 1,2,3,4. If kthd < Knax — 5, then it holds that 



(5.20) 



x[0,T] 



UiU2U^u^dxdt 



< 2 -^ 2 W2jJ| Wkj 



If instead, k m i n <C k t hd ~ &sub ~ Knax, then it holds that 



(5.21) 



u±U2U3U^dxdt 



X [0,T] 



<2- fe — 2 fc —/ 2 nn%iiF % . 



Proof. The proof of estimates (|5.20l) - (|5.2ip follows arguing exactly as in the proof of 
(|5.7[) . To prove estimate (I5.20[) , we use estimates (|3.35[) - p.36p instead of estimates 
(I3.7P and (|3.9I) . To prove estimate (|5.2ip . we use estimate f|3.33[) and observe that 
due to the frequency localization 57 ~ 2 5kmam , so that j m ax > 5fc maK — C, where C 
is a fixed positive constant depending only on the frequency localization and f2 was 
defined in (15321) . □ 

Now we give the proof of Proposition [221 

Proof of Proposition\EM Let u G C([—T, T];H°°(R)) be a solution to (HH]) with 
C3 = 0. We choose an extension u of u on R 2 satisfying 



(5.22) 



lux [ 



= u and \\u\\ F s <2\\u\\ F s {T - ) . 



Then, for any k G Z + n [1 , +00) and t G [— T, T], we differentiate E k (u) with respect 
to t and deduce using (jl.ip that 

(5.23) ^-E k (u) = \{u) + 3 k (u) + aL\{u) + a^l(u) + [3£ 2 k (u) + /3K 2 ( U ), 
dt 

where 

3 k {u) = 2 Cl [ P k uP k d x ((d x u) 2 )dx, 



d k (u)=2c 2 J P k uP k d x (udlu)dx, 

8luP kd ^uQ k d^udx + 1 uP k diu Qk d^udx 
uP k d~ 1 uQ k d^udx, 
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Njf.(u) = ci / d x ({d x u) 2 )P k d x 1 uQ k d x 1 udx + c\ \ uP k ((d x u) 2 )Q k d x 1 udx 
Jr Jr 

+ ci / uP k d~ 1 uQ k ((d x u) 2 )dx + c 2 I d x (udlv)P k d~ 1 uQ k d x ~ 1 udx 
Jr ' Jr 

+ c 2 / uP k (ud x [u)Q k d~ 1 udx + c 2 / uP k d~ 1 uQ k (udlu)dx, 
Jr Jr 

JCl(u)= [ dluP k d- 1 uP k d- 1 udx + 2 f uP k d^uP k d- l udx, 
Jr Jr 

and 
(5.24) 

Wg(u) =ci [ d a ((d a u) 2 )Pkd- 1 uPj t d- 1 udx + 2ci / uPk^u^Pkd^udx 



+ c zJ d x (udlu)P k d x 1 uP k d x 1 udx + 2c 2 ^ uP k (ud^u)P k d x 1 udx. 

Now, we fix f e [— T, T] . Without loss of generality, we can assume that < t k < 
T. Therefore, we obtain integrating (|5.23[) between and t k that 



E k (u)(t k ) - E k {u){Q) 

(Jfc(«) + Sk(u) + aLi(u) + aNl(u) + (3L 2 k (u) + f3N 2 k (u))dt 



(5.25) < 

J[o,t k ] 

Next we estimate the right-hand side of (|5.25|l . 
Estimates for the cubic terms. We deduce after some integrations by parts that 

L\{v) = I d x 'uP k d x uQ k d x 1 udx + 2 / d x uP k uQ k udx + / d x uP k d~ 1 uQ k d x udx 
Jr Jr Jr 



d x uP k d x uQ k d x 1 udx + 2 / d x uP k d x uQ k udx + / uP k d x uQ k d x udx 
i Jr Jr 

+ / d 2 x uP k d~ x uQ k d 2 x udx + 2 / d x uP k uQ k dludx + / uP k d x uQ k d 2 x udx 
Jr Jr Jr 

= 5 / d x uP k uQ k udx — 5 / d x uP k d x uQ k d x udx . 



Similarly it holds that 

L 2 (u) = 5 / d x uP k uP k udx — 5 / d x uP k d x uP k d x udx. 
Jr Jr 

We choose a = — 2s. anc j ^ — C2 ~ 4ci . Then it follows, after performing a dyadic 
decomposition on it, that 



7 



(5.26) / (3 k (u)+3 k (u) + aL 1 k (u)+[3L 2 (u))dt\<J2T J {k), 

J [0,tk] 1 j=i 

for each > 1, with 

T i{k) = 5^ / (P k uP k (dluP kl d x u)+P k d x uP k d x uP kl d x u)dxdt 



0<fci<fc-6 
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T 2 (k)= \f P k d x u([P k ,P kl u]d 2 x u-Q k d x uP kl d x u) 

0<fc!<fc-6 lJ ®-*[0M 



dxdt 



T 3 (k) 



E 



Pi uP kl d x uP k2 dludt 



kl > k -5,k 2 >0 jR x[ ^fc] 

T 4 (fc) = I Pld x uP kl uP ko d 2 x udt 

kl > k -5M>o Jk xI°^ 

T b{k) = / P kl d x uP k d x u(Q k d x u + P k d x u)dxdt 

T 6 (k)= V 1/ P kl d 3 x uP k u(Q k u + P k u)dx 



fei<fc-5 



and 



T 7 (k)= J2 \[ P kl dluP k u{Q k u + P k u)dx 

k -4< k ,< k +4 ^Hx[0,*k] 



fe-4<fci<fe+4 

Clearly, Lemma 15.61 and the Cauchy-Schwarz inequality imply that 

T^+nws ^\\p kl u\\ Fki J2 \\ p ^\\%, 

0< kl < k -6 |fc-fe'|<3 

(5.27) 



< 



|u|| F i/2+ Y \\ P k' u \\F k ,- 
|fc-/c'|<3 



Similarly, we get applying estimate ()5.7[) if k\ = 0, and estimate (|5 ,8[) if ki > 0, 
that 



(5.28) 



T 6 (k)<\\u\\ Fi+ ]T ||iVS|||. v . 



|fe-fc'|<3 



Now, estimate (15.91) leads to 



(5.29) 



T 5 (k) + T 7 (k)<\\u\\ Fi \\P k u\\ 2 Fk 



To estimate Ts(k), when fc > 1 is given, we denote 

Bi = {(fc,fci) 6 1\ : |fc - fci| < 3 and < fc 2 < max(fc, fci) - 5}, 



b 2 = ((Mi) e %\ 
B 3 = {(Mi) e z\ 



\k-h\ <5 and \k 2 - h\ < 5}, 
\k 2 — k\ \ < 3 and 1 < k < max(ki, k 2 ) — 5}. 



Thus, we deduce from the frequency localization that 



T 3W = E E 1/ p " uP ^ 



d x uP k2 d x udt 



j=i (fci,fc 2 )eBj 



To estimate the sum over Bi , we use estimate (|5.7p in the case k 2 = and estimate 
(|5.8p in the case k 2 >\. It follows that 



E , 

(fci,fc a )efii ;Kx ^' 



P k uP kl d x uP k2 d x udt 



E ii^v 



|fc'-fc|<3 

The sum over £?2 is treated by using estimate (15.91) . which gives 



E 

(k lt k 2 )£B 2 



Ix [0,t fc ] 



PiuP kl d x uP k2 dludt 



< 



E iifl 



|fc'-fc|<3 
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Finally, estimate (|5.8|) (recall here that k > 1) yields 



V / p%uP kl d xU p k2 dludt 



<2- k \\P k u\\ Fk J2 2 3kl/2 \\P^\\F kl - 

fei>fe+5 



Moreover, observe that the same estimates also hold for Ti{k) (with even a better 
bound when the sum is taken over -B3). This implies that 



T3(k) + T 4 (k)<\\u\\ Fi £ W P « 



(5.30) 



|fc'-fc|<3 

2- k \\P k u\\ Fk 2 3kl/2 \\P kl u\\ Fki - 



fci>fc+5 



Therefore, we deduce gathering (|5.26[) - (|5.30[) . taking the supreme over t k £ [0, T] 
summing in k and using (|5.22l) that 



V2 2fcs sup f (3 k (u)+d k (u) + aJ:Uu)+p£l(u)) 
fc>1 t*e[o,T] 7[o,t fc ] 



(5.31) <^ 2 



2fc.„ s ni ,|| PfcS ii2 



fc>i 



fc>i 



fci>/c+5 



< 



l«ll J? i (r) ll«ll|.(r) + \\u\\ F i + {T) \\u\\ Fs{T y 



Note that we use that s > 1 and apply the Cauchy-Schwarz inequality in k and k\ 
to obtain the last inequality in (I5.31[) . 

Estimates for the fourth order terms. We estimate the fourth order term corre- 
sponding to After a few integration by parts in (|5.24|) . we get that 



(5.32) 

for each k > 1, whith 



r 1 4 

/ Xl(u)dt \<J2Mk). 
J[o,t k ] I l=1 



X^k) 



x[0,t k 



(d x u) 2 P k d x 1 uP k udxdt 



ud x uP k uP k udxdt 



x[0,t k 



+ 



x[0,tjt] 



ud x uP k d x uP k d x 1 udxdt 



X 2 (k) 



x[0,t fe 



u?t ( (^ u ) 2 ) P fe 9" 1 udxdt 



and 



X 4 (fc) 



x[0,t fc ] 



x[0,t fe 



d x uP k (ud x u)P k d x x udxdt 



uP k (ud x u) P k udxdt 
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We use the Strichartz estimate (|2.45|) with a = 2, estimate (|2.10p and Holder's 
inequality to deduce that 

(5.33) 

< (||u|| F i +(T) + ||u|| F f +m )||u|| F | +m ||u|||. (T) . 
To deal with X2(k), we perform dyadic decompositions over u and Then 
4 i /■ 

X 2 (fe)<^ V / uP k (P kl d x uP k2 d x u)P k d- 1 udxdt 



where 



D-l = {(ki,k 2 ) €%% : |fe - fci| < 3 and < fc 2 < max(fc,fei) - 5|, 
|fe — fe 2 | < 3 and < k± < max(fe, fe 2 ) — 5), 
jfc- < 5 and \k 2 - ki\ < 5}, 
|fe 2 — fei| < 3 and 1 < fc < max(fei,fc2) — 5}. 



(5-34) n^&tl 6 ^ 

£>4 - {(fel,fc 2 ) G 

By using Holder's inequality and the Cauchy-Schwarz inequality, we can bound the 
sum over D\ U D 2 by 

T X \k'-k\<3 

Thus, it follows from estimates (|2.10|) and (|2.46l) that 

/ uPfe(P fcl 9 a; uPfc 2 9 a; u)Pfc9~ 1 udxdt 



(fci,fc 2 )G-DiU£) 2 



<||u|| i + ||u|| J+ ^ PV«||L>. L ,. 



l F3 + (T) 11 n F4 + (T) 

|fc'-fc|<3 



A similar bound holds over D3. In the region D4, we have that 
V" / uP k (P kl d x uP k2 d x u)P k d~ 1 udxdt 

, 'jRxfO.ti.1 



C[0,t* 

< \\u\\ Fi + (T 2- k \\P k u\\ L¥Ll J2 ^II^^II^L-UPb^lU-i- 

fei>fc+5 

Hence, we deduce after taking the supreme of t k over [0,T], summing over k 6 
Z + n [1, +00) and using estimate (|2.46[) that 



(5.35) Y, 2 ^ SU P Mk)<\\u\\ Fh+ \\u\\ f ^,. u 



Similarly, we get that 



(5-36) £2 2fe ^ sup^X 3 (fe) < ||«||=j +(r) ||«|||. (T) . 
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To deal with X 4 (k), we use the following decomposition 
X 4 {k) < Y \ P kl uP k (ud x u)P k udxdt 



fci>fc-7 
4 



(5.37) 



+ E E , 

4 
3=0 



P kl uP k (Pk 2 ud x P k3 u) P k udxdt 



where 

Ek = Uk u k 2 ,h) &z 3 + 

E 2 = {{k u k 2 ,k 3 )&Z 3 + 
E 3 
E± 



(k u k 2 ,k 3 ) eZ% 
'(k u k 2 ,k 3 ) eZ\ 



< fci < k ~ 8, \k - k 3 \ < 3, < fc 2 < max(fc, fe 3 ) - 5}, 

< fci < k - 8, fc - k 2 \ < 3, < fc 3 < max(fc, fc 2 ) - 5), 

< fci < k - 8, |fc- fc 2 | < 5, - fc 3 | < 5}, 

< fci < k - 8, |fc 2 - fc 3 | < 3, 1 < fc < max(fc 2 ,fc 3 ) - 5}. 



Observe that, according to estimates (12.10[) and (|2.45l) 



^4,0 (fc) 



(5.38) 



E 

fc-7<fci<fc+3 



Rx[0,t h ] 



ud x uPk (P kl uP k u) dxdt 



< \\u\\ 1 + / llull 3, 



E pv 



|/c'-fc|<7 



Now, by using estimate (|5.20l) . we get that 
(5.39) X 4A (k) + X 4>2 (k) < 



|fc'-fc|<3 

Over the region E 3 , we deduce from estimates (|2.10p and (|2.46|) that 



E ll*v«HW 



I k' — k\ <5 



(5.40) X i}3 (k) < \\u\\ F i_ 
Finally, estimate (|2 . 10[) gives 

(5.41) X 4A (k)< \\u\\ pi+ \\PkuU~L* \\Pk 3 u\\ L ~ Ll \\Pk 3 d x u\\ L 2 TL ~. 

k 3 >k+5 

Thus, we deduce from ([5~37]) - (|5~4T|) that 
(5.42) 

J22 2ks sup X 4 (k) < \\u\\l i+ \\u\\ 2 Bs(T) + H| f d+ (t) H| i + \\u\\ 2 FS(T) . 
Therefore, we conclude gathering f|5 . 32[) — f|5 . 36[) and (|5.42[) that 



(5.43) 



E^ 

k>l 



2k.i 



sup 

t fc e[o,T] 



[o.t*] 



< 



|w||^| + (t) I|m|||, (t) + ||u|| F a +(x) ||u|| 



F i + (T) ||u||| s(T) . 



By using the same arguments, we could obtain a similar bound for N^(it). 

We finish the proof of Proposition 15.21 recalling the definition of the energy in 
([53)1 and gathering estimates ([Q5)l . (f5T3T]) and (|Q3|) . □ 
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5.2. Energy estimates for the differences of two solutions. In this subsec- 
tion, we assume that s > 2. Let u\ and u 2 be two solutions to the equation in Ijl.ljl 
with C3 = in the class (|1.9I) satisfying m(-,0) = ipi and u 2 (-,0) — f 2 - Then by 
setting v = U\ — u 2 , we see that v must satisfy 

(5.44) d t v = d b x v + 2 Cl d xUl dlv + 2 Cl d x vd 2 x u 2 + c 2 d x ( Ul d 2 x v) + c 2 d x {vd 2 x u 2 ), 

with v(-,0) = <p := cpi — (f 2 . As in subsection 15.11 we introduce the energy E^(v) 
associated to (|5.44j) . For k > 1, 



E k (v)(t) =\\P k v(;t)\\ 2 L2 +a / (u 1 P k d- 1 vQ k d- 1 v){x,t)dx 
(5.45) _ Jr 

+ 3 / (u 1 P k d- 1 vP k d- 1 v)(x 1 t)dx, 



and 

(5.46) ^(n)= ||P<of(-,0)|| 2 L2 + V2 2b sup £*(«)(**), 

where a and /3 are two real numbers which will be fixed later. As in Lemma |5.1 
we can compare E^{v) with |M|,b s (t) if is small enough. 

Lemma 5.9. Let s > |. Then, there exists < 6\ such that 
(5-47) 1\\v\\ 2 bs {t) <E^v)<^\\v\\% s{t) , 
for all v £ B S (T) as soon as \\u\\\l°°h s < St. 



Proposition 5.10. Assume T g (0, 1] and s > 2. Then, if v is a solution to (|5.44l) . 

we have that 



(1 + IMI „i + )|M| a 



L 2 



! ' ^' + (I + |K|| f | + (t) )(IH|f=(T) + IM|f 2 (T))(|M|^o (t) + |M| F o (T) ), 

and 

Et(v) ~ (I + IMI ff l + )IMI?fs + l|w||jro (T) ||u 2 ||F^(T)l|w||jr S (T) 

' + (i + + r?,(u 2 )) (r^(m) + rf,( U2 ))rf» 2 , 

w/iere 

rf,(u) := max{||w|| FS(T) , ||u|| B , (T) }. 

As a Corollary to Lemma I5.9I and Proposition I5.101 we deduce an a priori esti- 
mate in || • ||bs(t) for the solutions v to the difference equation (|5.44[) . 

Corollary 5.11. Assume T £ (0, 1]. Then, there exists < 5\ < 1 such that 
(5.50) 

IMlio(T) < ||V^lli^-|-(H-||-"l || ^ 3 + ( ll-U-l || ^2^^, -I- ||ti2 || ^2 Ccr> ) ( H-^Hlio^) -)- 11^ lllrofcr)) . 
and 

IMl|»(T) ~ IMItf' + IMIf°(T)IK||f«+2(T)IM|f»(T) 

' 1 + (i + r$,(ui) + r s T (u 2 )) (r s T ( Ul ) + r^u^r^v) 2 , 

for all solutions v to f|5.44D with ||ui|| i + < Si. 
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Proof of Proposition \5. lUl We argue as in the proof of Proposition 15.21 First, we 
choose extensions v, u\ and u 2 of v, u\ and u 2 over M 2 satisfying 

(5.52) \\v\\ F s <2\\v\\ Fs{T) and \\ui\\ F s < 2\\ Ui \\ F s {T) , i = 1,2. 

Then, for any k e Z + n [1, +00) and t £ [-T, T], we differentiate E k (v) with respect 
to t and deduce using (|5.44[) that 

(5.53) ^E k (v) = \{v) + 3k(v) + al\{v) + a^ k (v) + pZ 2 k (v) + 
where 

3fe(u)=4ci f P k vP k (d x u 1 d 2 x v)dx + <ic 1 [ P k vP k (d x vd 2 x u 2 )dx, 



dk(v)=2c 2 / P k vP k d x {uid 2 x v)dx2c 2 I P k vP k d x (vdlu 2 )dx, 
Jm Jr 

£ k ( v ) = / d x uiP k d~ 1 vQ k d~ 1 vdx + / uiP k d x vQ k d x 1 vdx 
Jm Jm 

+ J uiP k d x 1 vQ k d x vdx, 

Xl(v) = c l [ d x ((d x u 1 ) 2 )P k d x 1 vQ k d x 1 vdx + 2c 1 [ u 1 P k d- 1 (d x u l dlv)Q k d- 1 vdx 
Jr Jr 

+ 2ci / u 1 P k d x 1 (d x vdlu 2 )Q k d x 1 vdx + 2c\ \ u 1 P k d x 1 vQ k d~ 1 (d x u 1 d x : v)dx 
Jr Jm 

+ 2ci / uiP k d x 1 vQ k d x 1 (d x vd x \u 2 )dx + c 2 / d x (uid x ] ui)P k d~ 1 vQ k d~ 1 vdx 
Jr Jr 

+ c 2 uiP k (uid x ] v)Q k d~ 1 vdx + c 2 \ uiP k (vd 2 u 2 )Q k d~ 1 vdx 
Jm Jm 



+ c 2 u 1 P k d x 1 vQ k (u 1 d 2 v)dx + c 2 / u 1 P k d x 1 vQ k (vdlu 2 )dx, 
Jm Jm 

Z 2 k (v)= [ d b x u l P k d x 1 vP k d x 1 vdx + 2 [ mPkd^vPkd^vdx, 
Jm Jr 

and 
(5.54) 

7P k (v)=c 1 [ d^^u^P^vPkd^vdx + Ad [ u 1 P k d- 1 {d x u 1 dlv)P k d- 1 vdx 



+ 4ci / u 1 P k d x 1 (d x vd 2 u 2 )P k d x 1 vdx + c 2 / d x (u 1 d x [ u 1 )P k d x 1 vP k d x 1 vdx 
Jm Jr 

+ 2c 2 / u 1 P k (u 1 dlv)P k d x 1 vdx + 2c 2 / uiP k (vd%u 2 )P k d- 1 vdx. 
Jm Jr 

Now, we fix t k £ [—T,T]. Without loss of generality, we can assume that < t k < 
T. Therefore, we obtain integrating f|5 . 53[) between and t k that 

E k (v)(t k ) - E k (v)(0) 

[o,t k ] 
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Next we estimate the right-hand side of (|5.55p . 
Estimates for the cubic terms. We deduce after some integrations by parts that 
Ll(v)=5 / dluiP k vQ k vdx - 5 / d x uiP k d x vQ k d x vdx. 

JR JR 

and 

&\(v) — 5 / dluiP k vP k vdx -5 / d x uiP k d x vP k d x vdx. 



We choose a — — ^ and j3 — 02 5 4ci . Then it follows, after performing a dyadic 
decomposition on v, that 

r ~ i 9 

(5.56) / (j fc (w) + 0fc(«) + S££(»)+0£j»(i;))tft 



[O.i 



3=1 



for each k > 1, with 

^lO) = XI 1/ (P k vP k (P kl d x u 1 dlv)+P k d x vP k d x vP kl d x u 1 )dxdt 
0<fe!<fe-6 1 • / Rx[o,*k] v 

f 2 (fc)= J! 1/ fltQ r »([i\,A 1 «i]flg»-Q fc 5 a! i;flb 1 Q e ui)da; ( ft 

0<fei<fe-6 '• / Kx[0,t fc ] V 7 

f 3 (fc)= X / PlvP kl d xUl p k2 dlvdt 

?4(fc) = f Pld x vP kl uxP k2 dlvdt 

= X I / PivP kl d x vP k2 d 2 x u 2 dt 
f 6 (fc) = X I / Pld x vP kl vP k , 2 d 2 x u 2 dt 

fc,,* 5 >o'- /R x[0.t< [ ] 

TV(fc) = X / P kl d x uiP k d x v(Q k d x v + P k d x v)dxdt 

fc-5<fc 1 <fc+4 l - /R x[0,t Al ] 

r 8 (A)= V 1/ P kl dlu x P k v{Q k v + P k v)dx 



fei<fe-5 



T 9 (A)= ^ 1/ P kl cP xUl P k v(Q k v + P k v)dx 

fe-4<fei<fc+4 "'Kx[0^fc] 



and 

Clearly, Lemma 15.61 and the Cauchy-Schwarz inequality imply that 



Ti(fc)+T 2 (fc)< E 2 fe 1 / 2 ||P fcl iI 1 || i , fci X IliVSHSv 

0<fei<fe-6 |fe-fe'|<3 
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Similarly, we get applying estimate (|5.7p if fci = 0, and estimate (|5.8|) if k\ > 0, 
that 

(5-58) T 8 (fe) < INI^ J2 W P ^Wh- 

|fc-fc'|<3 

Now, estimate (|5.9p leads to 

(5-59) T 7 (/0+T 9 (£0<||£i|| F f||^||!v 
Arguing exactly as in (|5.30[) . we get that 

f 3 (k)+Uk)< \\v\\ Fi+ E \\Pk'Ul\\F k ,\\Pk'v\\ Fkl 
\k'~k\<3 

(5.60) +PiH F f E H^l^ 

|fc'-fc|<3 

+ 2- k \\p k v\\ Fk E ^ kl/2 \\P*M\F H \\P k M\F kl - 

k± >/c+5 

This implies after taking the suprem of tk over [0, T] and summing in k G Z + n 
[1, +oo) that 

(5.61) E 22fcs su p (r 8 (fe) + f 4 (fe)) < IM irl Nl* + NIMI«IU + INi~, 

fc>i *fce[o,T] 
whenever s > 1 and 

(5.62) E SU P (^(fc)+?6(fc)) < pi|| F 2||«|| F „, 

at the L 2 -level. Note that to obtain (I5.62j) . we need to modify the first term on the 
right-hand side of (|5.60p by putting all the derivative on ||Pfc'Ui \\F k , • 

To bound T 5 (k) and T 6 (fc), we split the domain of summation over the 
defined in (|5.34j) . For example, we explain how to deal with Te(k). We have that 

(5.63) f 6 (fc)=E E I / P^d x vP kl vP k2 d 2 x u 2 dt . 

J= l {klM )£Di ■ / «x[0.t»] 

By using estimates (I5.7P when k 2 = 0, (|5.8I) when k 2 > 1 and the Cauchy-Schwarz 
inequality in k 2 , we deduce that 

E I / Pid xV p kl vP k2 d 2 x u 2 dt 

(5.64) < E 2^/ 2 ||P fc2 iI 2 || Ffc2 E H^'^ 

0<&2 <max(fc,fc' ) — 5 | & — fe' | <3 

<||n 2 ||^ + E 

fc-fc'|<3 
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We treat the summation over D 2 similarly. Estimate ()5.7j) when ki = 0, estimate 
(|5.8|) when k\ > 1 and the Cauchy-Schwarz inequality in ki imply that 



E 

(fei,fe 2 )en 2 



Hx[0,t fc ] 



P%d x vP kl vP k2 dlu 2 dt 



(5.65) S E 2- fc iP fc ^|| F% J] Hfttril^^HuallF, 

0<fci <max(fc,fc2) — 5 |fe— fes|<3 



t 2 



< 



\V\\ F o 



E lift 



/,'1|F fc 2 2fe2 ||Z/ ; , /; 



fc-fc, |<3 



Estimate (|5.9|) gives that 



(5.66) 



E 



Pld x vP kl vP k2 d 2 x u 2 dt 



< 



"2 



Finally, it follows from estimate (|5.8[) that 

Pid x vP kl vP k2 d 2 x u 2 dt 



Fi 



E iift'^ii 2 ^- 



Ifc— fc'IO 



E 

(5 67) ( fc i> fc 2)e-D4 



Rx[0,t fc ] 



<\\P k v\\ Fk 2 k2/2 \\P k ,v\\F k2 \\P k2 U 2 \\ Fk2 . 
k 2 >k+5 



Thus, we conclude gathering (|5.63p - (|5.67[) . taking the supreme over t k G [0, T], 
summing in k G Z + f~l [1, +00) that 

(5.68) £2 2fes sup (f 5 (k)+T 6 (k))<\\u 2 \\ Fi \H% a + \\u 2 \\ F s +2 M\ F o\\v\\ F ,, 
whenever s > 1 and 



(5.69) 



V sup (r 5 (fc) + T 6 (fc)) < \\u 2 \\ F 4v\\ 2 F0 , 



at the L 2 -level. 

Therefore, we deduce gathering (|5.57j) ~ (|5.61j) and (|5.68f) that 
Yf ks sup f (%(v) + 3k{v) + aZl(v)+MUv))dt 

fc >! t fc S[0,T] J[0,i fc ] 
(5J0) < (KIU (T) + IMU (T) )IMII»(T) + IMI^(T)IMU + (T) IMI^(T) 

+ l|w2||F 3 + 2 (T)ll«l|fO(T)||w|| F =(T), 

if s > 1, whereas 

V sup f (3 k (v)+3 k (v)+aLl(v)+f3Zl(v))dt 
(5.71) fc >i*^[°. T ] J V>M 

£ (Ikill^(r) + IHIf3(t))IMI|o (t) , 

at the L 2 level. 
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Estimates for the fourth order terms. We estimate the fourth order term corre- 
sponding to After a few integration by parts in (|5.54p . we get that 



(5.72) 

for each k > 1, whith 



J [o,t k ] 1 i= i 



*l(*) = 



Mx[0,t fc ] 



(d x ui) 2 Pkd x 1 vPi e vdxdt 



u\d x uiPkvPkvdxdt 



Rx[0,tfc] 



+ 



Kx[0.t fc ] 

X 2 {k) 



u\d x u\P k d x vP k d x 1 vdxdt 

u\P k d x 1 {d x vd'lu 2 )P k d x 1 vdxdt 



Rx[0,t fc ] 



and 



X 3 (k) = 
X 5 (k) 



Rx[0,tfc] 



u 1 P k d x 1 (d x u 1 d 2 x v)P k d x 1 vdxdt 



Rx[0,tfc] 



uiP k (vd x u 2 ) Pkd x 1 vdxdt 



u\P k {u\d x v)P k d x 1 vdxdt . 

Rx[0,t fc ] 

We use the Strichartz estimate (|2.45|) with a = 2, estimate (|2.10[) and Holder's 
inequality to deduce that 

(5.73) 

5> 2fcs sup X t {k) < (|Ki|U|l» + ||«»«i||z?.L-)[[»x«i[| i5 ,z- E ^'H^llis?^ 
k>i **6P.ri fc >i * 

< (IMI F i +(T) + |MI F | +(T piM| F | +(r) |H||» (T) , 

for any s > 0. 

To handle X 2 (fc), we perform the following decomposition 
(5.74) 

4 r 

*2(fc)<E E / P kl u l P k d- 1 {P k2 d x vd x P k3 dlu 2 )P k d- 1 vdxdt 
J= i {klMM)£F] JRx[o,t k ] 

4 

^E^ 2j (fc), 

where 

Fx = {(fci,fc 2 ,fc 3 ) : < fci < k + 3, |fc - fc 3 | < 3, < k 2 < max(fc,fc 3 ) - 5), 

: < fci < k + 3, jfc - k 2 \ < 3, < fc 3 < max(fc, k 2 ) - 5}, 

: 0<fci<fc + 3, |fc-fc 2 |<8, |fe-fc 3 |<8}, 

: < fci < k + 3, |fc 2 - fc 3 | < 3, 1 < k < max(fc 2 ,fc 3 ) - 8}. 



F 2 = |(fci,fc 2 ,fc 3 ) GZ^ 
F 3 = |(fci,fc 2 ,fc 3 ) £Z 3 + 
Fa = {(fci, k 2 , fc 3 ) e 



By applying Holder's inequality, we can bound X 2 i(fc) by 
(5.75) 

E H*V«ilU?, E 2 fc2 ||P fc2 i;|| L ^ £ llflbsUalU-^llflkvlli. 

0<fei<fc+3 0<fe 2 <max(fc,fe 3 )-5 |fc-fe 3 |<3 
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which implies after suing the Sobolev embedding, the Cauchy-Schwarz inequality 
and estimate (|2.46|) 

(5.76) J2 22kS SU P ^(*)^ll«ill F 4 +(T) ll«ll F i +(r) ll"a||B.(T)||«IU.(r), 

k>l t k E[0,T] 

for any s > 0. On the other by putting the L^L 2 norm on Pk 2 v and the L^L^° 
norm on Pk 3 U2 in (I5.75|) . we get that 

(5.77) SU P X 2<1 (k)<\\ Ul \\ Fi+ \\u 2 \\ pi+ \\v\\% 0(T y 

k>l ^£[0,T] 

at the L 2 level. By using similar arguments, we get that 

(5.78) Y, 22 " 8 SU P (X2, 2 (k) + X 2<a (k))<\\ Ul \\ Fi+ \\u 2 \\ Fi + \\v\\ 2 B , (T) , 

k>l t k £[0,T] 

for any s > 0. Finally, we use estimate f|5 . 20|) to bound X 2 ,4(k) by 

J2 nn^iiiF fel 2-^iip^ii Ffc J2 E n^ik 2 2 2fe3 i|p fe 3u 2 ik 3 , 

0<fci<fc+3 max(fe 2 ,fc 3 )>fc+8 |fc 2 -fc 3 |<3 

which implies after summing over k € Z + n [1, +oo) 

(5.79) V2 2fcs sup X 2A {k) < ||Si|| F o + ||n 2 || F 2|H|| a , 
fe >j t k e[o,T] 

for all s > 0. Therefore, we conclude gathering estimates (|5.52l) and (|5.74[) - (|5.79p 
that 

Y,2 2ks sup X 2 (k)<\\ Ul \\ Fi +m l|«a||F»(r)(||«|||. (T) + ||«|||.. { T)) 

(5.80) fe>i tke[0 ' T] 



+ \\ui\\ F i + {T) \\v\\ F 3 + m \\u 2 \\B°(T)\\v\\B°(T), 



for any s > and 



(5.81) J2 SU P X 2(fc) < \\ui\\ Fi+ iT) \\u 2 \\ F 2 {T) (\\v\\ 2 B0(T) + |M| F o (T) ), 

at the L 2 level. 

By using the same arguments as for X 2 (k), we have that 

^2 2ks sup X 3 (k)< \\ Ul \\ Fi +m l|«i||F»(r)(||«|||.(D + ll«llf.(r)) 

(5.82) k>i t k e[o,T] 

+ ll«l|l F i + (T) ll«ll F | + (T) ll"l|ls = (T)ll«llB=(T), 

for any s > and 

(5.83) SU P ^3(*)^||ui||^ +CT) ||«ilU2 (T) (||«|||o (T) + ||i;|||* (T) ), 
at the L 2 level. 
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To deal with Xi(fc) at the 1? level, we observe after integrating by parts that 
Xi(k) < / d x uiPk(vd x U2)Pkd~ 1 vdxdt 

ilx[0,f t ] 

u\Pk (d x vd x u 2 ) Pkd~ 1 vdxdt 



(5.84) 



Hx[0,t fc ] 



lx[0,t t ] 



u\Pk (vd x U2) Pkvdxdt 



=:^X 4j -(fc). 
i=i 

Arguing exactly as for X 2 (k) in (|5.35j) . we deduce that 
(5.85) 

V2 2ts sup (X 4A (k) + X 4<2 (k)) 
fc >i t fe e[o,T] 

< ||wi|L| + m l|w2||F=(r)||«|||a(T) + ll«l|| JP | + m ll u ll J? | + m ll«2||B»(T)||«[[B«(T), 



t 1 (r) 
for all s > and 



(5.86) 



sup Xt(fc) < \\U!\\ F 3 + \\u 2 \\f2(t)\\v\\ 2 b o {t) , 



Ft+ ^ 



at the L 2 level. To estimate X^(k) at the 7J s -level, we use the same decomposition 
as for Xi(k) in (15.371) . It follows that 

J2^ 2ks ^p x 4)3 (fe)<|K|| F4+ (T) \\u 2 \\ Fi+ (T) \\v\\l, (T) 

k>i t k e[o.T] 

+ ||«2|| F | + (T) ||»|| Ji ,l + (T) ||«l||fl.(T)||«||fl'(T) 

+ \\ui\\ f i + {t) \\v\\ f i +{t) \\u 2 \\ F s {t) \\ v \\ fs{t)7 

which implies together with (|5.84[) and (|5.85l) 

(5.87) 

V2 2k sup X 4 (k) 
k>i **e[°. T l 

< ||wi|| F | + (T) ||lt 2 ||F 2 (T)lblll»(T) + IKII^ + (T) IMI F ^ + (T) IM|F*(T)IMIi=-(T) 



for all s > 0. 
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Finally, we treat the term X§(k). After integrating by parts, we obtain that 



X 5 (k) < 



Kx[0,t fc ] 



d x uiPk{uid x v)Pkd x 1 vdxdt 



(5.88) 



Rx[0,t fc ] 



u\Pk(d x uid x v)Pkd x 1 vdxdt 



Mx[0,t fc ] 



u\Pk (u\d x v) Pkvdxdt 



By using the same arguments as above, we deduce that Arguing exactly as for 
X 2 (k) in (|5.35p . we deduce that 

(5.89) 

^2 2fes sup_ (X 5)1 (fc)+X 5)2 (fc)) 



, j t k e[o,T] 

''F* + (T) 1 



< \\ui\\ F 3 + {T) \\u 1 \\ F 2 {T) \\v\\ 2 Bs{T) + ||ui|| F | + (T) ||^|| F | +(T) ||wi|| B . (T) ||«[[ B » (x) , 
for all s > and 

(5.90) Y, SU P (*5,i(*) + *6,a(*0) <||«i|| 4+ fT JMI^(T)IMI|o (T) , 



k>l 



*fc€[0,T] 



at the L 2 level. To handle (fc), we perform the same decomposition as for 
X 4 (/fc) in (jQ7|) . It follows that 



^2 2fcs sup X 5 , 3 (fc) < || Wi || f4+ (T) IMI F f + (r) ||«i|| B .(T)||»||B.(D 
(5.91) *>i tfce[0J1 



|wi|l F i+ (T) l|wi|| F | +(T)V n-iiF=(T) 



for any s > and 

(5.92) H sup -^5,3 (fc) < ||ui|| F ^+ ||ui|| F |+ (||u||| 0(T) + |M||o (T) ), 

at the L 2 level. Thus, we deduce from (|5.89l) and (|5.9ip that 

^2 2fcs sup X 5 (fc)<|M F j + ||«|| F j +( ||«i|| B .(T)||w|| B .(D 

(5.93) k>i tfee[0 ' T] 

+ ||wi|| f 3 +(t) ||wi|| F 2 (t) (||v|||, s(t) + ||«||b.( T ))) 
for any s > 0, and from (f5T90|) and (|5~M|) that 

(5.94) XI sup *5{k) < ||"i|| F | + ||ui|| F 2 (T) (||?;|| F o (T) + \\v\\ 2 B0{T) ) , 
at the I? level. 

Therefore, we deduce from (|5~?2j) . ([3775]) . (jSTSTj) . ([5755]) . (j5~55)) and (j5~M|) that 



V sup / 

fc>1 t fc e[o,T] J[o,t fc ] 



< 



Ul|l F | + (T) (||Mi|| F 2 (T) + \\u 2 \\ F 2 { T))(\\v\\ 2 F o {T} + \\v\\ 2 B o {T) ), 
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which together with (|5.55[) and (|5.71[) implies estimate (|5.48|) . since the bound for 
the term corresponding to would be similar. 

Similarly, we deduce from (|E72"j) . (j^75|) . ([QUI) . ([CT2"jl . (j^57|) and that 



V2 2fcs sup / 
k>1 t h e[o,T] J[o,t k 



< | +(t) + ||«a|| f ,i +(T) )||«|| F | +(T) (||« l ||B.(T) + \\u2\\b*(t))\\v\\b>(t) 

+ ||«l|l i? § + (r) (||ui||.F*(T) + \\ u 2\\F2(T))(\n 2 F s {T ) + \Mb'(T)) 

+ \\ui\\ F i + {T) \\v\\ F i + m \\u 2 \\ F s {T) \\v\\ Fs{T) , 

which together with (15.55)) and (|5.70p implies estimate (|5.52l) . 
This concludes the proof of Proposition 15.101 

□ 

6. Proof of Theorem 11.11 

We recall that, for sake of simplicity, we are proving Theorem 11.11 in the case 
C3 = 0. The starting point is a well-posedness result for smooth solutions which 
follows from Theorem 3.1 in [33] ■ 

Theorem 6.1. For all uq G H°°(R), there exist a positive time T and a unique 
solution u G C([— T, T]; _ff°°(R)) to the initial value problem (|l.ll) . Moreover T — 
T(\\uq\\ h i) can be chosen as a nonincreasing function of its argument. 

6.1. A priori estimates for smooth solutions. The main result of this subsec- 
tion reads as follows. 

Proposition 6.2. Assume s > f- For any M > 0, there exists a positive time 
T = T{M) such that for any initial data u$ G H°°(R) satisfying \\uq\\h s < M, the 
solution u obtained in Theorem \6.1\ is defined on [— T, T] and satisfies 

(6.1) ueC([-T,T};H°°(R)) and \\u\\ L ~ H i < IMh- 

The following technical lemma will be needed in the proof of Proposition 16.21 
Lemma 6.3. Assume s G R+, T > and u G C([-T,T};H°°(R)). We define 

(6.2) A s T ,(u) := max{||u|| B s(T')> \\ d x{ ud l u )\\ N >(T>y \\ d x ud x u \\ N °(T')}> 

for any < T" < T. Then : T' 1— > A^, (it) is nondecreasing and continuous on 
[0,T). Moreover 

(6.3) lim A$,,(u)< \\u(0)\\h- 

T'— >0 

Proof. It is clear from the definition of B S (T') and the fact that u G C([—T,T]; H°° (M) ) 
that : T' h->- ||u|| Bs ^,^ is nondecreasing and continuous on [0,T] and that 

(6.4) T lim o H B . (T ,) <H0)||h.. 

In order to deal with the other components of A|v (u) in (|6.2[) , it suffices to prove 
that given / G C([—T,T];H°°(M.)), 

(6.5) : T' G [0,T) i-> ||/||jv»(t') is continuous and nondecreasing, 
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and 

(6.6) lim ||/|U» (T0 =0 

It is clear from the definition of N s that 
(6-7) \\f\\Ns<\\J\\ L ? Hl , 

for any / G L 2 t H s x . Then, we deduce by applying estimate (|6.7[) to f(x,t) — 
X[-T',T')(t)f(x,t) that 

(6.8) ||/IU=(to < \\J\\n* < WfhiHz < (r') 1/2 l!/IU^ T -^ o o, 

which gives (|6.6p . 

Now, we turn to the proof of d6T5j) . The fact that : T G [0,T) i-> ||/||jv=(t') is a 
nondecreasing function follows directly from the definition of N S (T'). To prove the 
continuity of : T' G (0,T) M> ||/||jv s (T') a t some fixed time Tq G (0,T), we introduce 
the scaling operator D r (f)(x,t) :— f(x/r^,t/r), for r close enough to 1. Hence, we 
have from (|6.8p and the triangle inequality that 



(6-9) 



ll/IU=(T') - \\ D T'/T^(f)\\N-(T') < \\f - D T ,/ T i j (f)\\ N .(Ti') 

<(T')Hf-D T , /Ti (f)\\ L!?H . -+ 0, 

i — >i 

since / G C([-T,T]; H°° (M) ) . Then, it remains to show that 
(6-10) limll^C/)!!^^ - ll/IU,^), 

to conclude the proof of (|6.5p . We observe that (|6.10p would follow from the 
inequalities 

(6.H) < limmf ||D r (/)|| ^(^), 

and 

(6-12) limsup ||P r (/)|U. (r3 ») < 11/11^(1"). 

r— >1 

First, we begin with the proof of (|6.1ip . Let e be an arbitrarily small positive 
number. For r close to 1, we choose an extension f r of D r (f) outside of [—rT^, rT^\ 
satisfying 

(6-13) /rli-^,^, =Mf) and ||/ r || w . < \\D r (J)\\ N . { ^ + e. 

Note that, since / G C([—T, T]; iJ°°(R)), we have \\D r (f)\\ N s {rT r ) < M, where M is 

a positive constant independent of r. We also observe that D 1 / r (f r ) is an extension 
of / outside of [-T^T^], so that 

(6-14) \\f\\N»[T>) < \\D 1/r (f r )\\ N s. 

Moreover, we will prove that 

(6-15) \\D 1/r (J r )\\ N . <il>(r)\\f r \\ N ., 

where ip is a continuous function defined in a neighborhood of 1 and satisfying 
lim r ^i ip(r) = 1. Then estimate (|6.1ip would be deduced gathering estimates 
(I6T3| . (IQl) and (16T51) . 
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To prove estimate (|6. 15|) . we first fix k 6 Z+. Then, by definition, 
(6.16) \\P k D 1/r (f r )\\ Nk = sup \\{T-w{t) + i2 2k )- 1 3[T lQ (2 2 \-~t))P k D 1/r {J r )} \ 

We observe that 

Vo (2 2k (- -t))D 1/r (f r ) = D 1/r ( V r (2 2k (--rt))f r ), 

where rf^{t) = i^{r~ l t). Hence, 

?[M2 2k (- - t))P k D 1/r (f r )] (£, r) = r-f % (0?K(2 2fe (- - rt))J r ] fc/r* ,r/r), 

so, we deduce from the definition of in (|2.4[) that the right-hand side of 16[) 
is equal to 

(r(r - 



i/2 



(6.17) r- 3/5 sup^2 J 

Moreover, we use that 

2 2 + 2 4fc 



Mr - w{i)) + i2 2k 



2 a 2 + 2 4fc 



- 1 



= II -r z 



< 411 -r 2 



r 2 a 2 + 2 4fc 

for any a £ M+, A; 6 Z + and r € [1/2, 2], to bound the L 2 norm corresponding to a 
fixed j € Z+ in (UTT?) by 

T)j(r(T - w(Z))) 



(6.18) (l + 4|l-r 2 |) 1/2 

t — u>(£) + «2^ K 

Now, the mean value theorem gives that 



(6.19) 



\vMr -"it))) -Vi(r-w{t))\ < \r-l\ sup 2'|^( S (t - «;(£))) | 

s£[l,r] 



<|r-l| £ 

b v -j|<i,i'ez+ 

if r e [3/4,5/4]. Therefore, we deduce after gathering (|6.16[) - (|6.19|) and summing 
over j 6 Z+ that 

||flbl>l/r(/r)lk 

(6 - 20) < ¥>(r) sup || (r - w(£) + i2 2k y 1 Vk (r^)3 r [vo(2 2k (■ ~ t))P 11 



where </j is a continuous function defined in a neighborhood of 1 and satisfying 
lim,._>.i ip(r) = 1. In order to deal with 77^ appearing on the right-hand side of 
(|6.20p . we get from the fundamental theorem of calculus that 



(6.21) 



if (2 2k (t - t)) - r, (2™(t <)) = / 7 ,(2 a *(t - *))d» 



-.2A' 



-i2/c/ 



where 7 s (t) = tr)' (st). Moreover, we use that 

Vo (2 2k (t - (t + 2 • 2- 2fc ))) + T7o(2 2fe (t - (i - 2 • 2- 2fe ))) = 1 

on the support of the integral on the right-hand side of (|6.21l) . Hence, it follows 
from Minkowski's inequality and estimates (|2.23p and (|6.20j) that 

\P k D 1/r (f r )\\ Nk 

< ^(r)sup || (r - w(0 +i2 2k )- 1 Vk (r^)?[vo(2 2k (- - t))Jr] 



3.22) 
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where (p is a function possessing the same properties as ip. Moreover, we observe 
arguing as in (|6.19|) that 

(6.23) |%(r*0)-%(0|^k*-l| E 

|fc'-fc|<l,fc'6Z+ 

Thus, we deduce gathering estimates (j6.22|) and (|6.23|l that 

\\PkDi/ r (f r )\\N k 

<ip(r)(l + \ri-l\)\\P k f r \\ Nh 

(6.24) + £( r )| r i _ i| sup || ( T _ + j 2 2 *)- V-itf)* ho(2 2fe (- - t))fr] \\ x 1 

ten 

+ £(r)|r* - 1| sup ||(r - «;(£) + *2 2fe )- V+i(0?M2 2fc (- - t))f r ] \\ 
teR 

To deal with the second term on the right-hand side of (|6.24[) . we notice that 
\t - w{£) + i2 2k \~ 1 <\t- u»(0 + i2 2 ( fe - 1 )f 1 and 7 ?0 (2 2 ( fc - 1 )(- - t)) = 1 on the 
support of 770 (2 2fc (- — £)). Then, it follows from estimate (|2 . 23|) that 

(6.25) sup || (T~w(0+i2 2k y 1 r ]k - 1 (OHM^ k (- -t))7r] |L < Hflk-i/rlk^. 

On the other hand, we have that |r - 10(f) + i2 2fe | _1 < A\t - w(f) + i2 2 ( fc+1 )| _1 . 
Moreover, we observe that 

2 2 ( fe+1 ) / m{2 2{k+1) (t + s))ds = \ m (s)ds > 0, 

if t lies in the support of 770 (2 2fc (- — f)). Therefore, we deduce from Minkowski's 
inequality and by using estimate (|2.23|) that 

(6.26) sup\\(T-w(0+^2 2k r 1 mMOHvo(2 2k (■-Wr]\\ Xk+1 < \\P k+ Jr\\N k+1 . 

tern. 

We conclude the proof of estimate (|6.15[) by gathering estimates (|6.24[) . (|6.25l) . 
(|6.26|) . summing over k G Z + and recalling the definition of N s in (|2.8[) . 

The proof of estimate (j6. 12[) follows in a similar way (it is actually easier) . □ 

Proof of Proposition UTM Fix s > |. First, it is worth noticing that we can always 
assume that the initial data uq have small iiP-norm by using a scaling argument. 

Indeed, if u is a solution to the IVP on the time interval [0,T], then 

u\(x,t) = X 2 u(Xx, X 5 t) is also a solution to the equation in (jl.ip with initial data 
ua(-j 0) = A 2 u (A-) on the time interval [0, A~ 5 T]. For e > 0, let us denote by 23 s (e) 
the ball of iJ s (R) centered at the origin with radius e. Since 

IM-,0)||„. < A^(l + A fl )|KllH., 

2 __ a 

we can always force u\(-, 0) to belong to 23 s (e) by choosing A ~ ea ||wo|| ff f ■ There- 
fore, it is enough to prove that if uo <E 23 s (e), then Proposition 16.21 holds with 
T = 1. This would imply that Proposition 16.21 holds for arbitrarily large initial 

data in H S (R) with a time T - A 5 - ||uo||#7~. 

Now, fix u Q € iJ°°(tt) n B s (e) and let u <= C([-T,T]; H°°) the solution to (fTTT]) 
given by Theorem 16.11 where < T < 1. We obtain gathering the linear estimate 
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(|2.32[) . the bilinear estimates (|4.1[) - (|4.2[) and the energy estimate ()5.6j) that 

(6.27) AUu) 2 < \\u f H „ + (A s T (u) + k s T {u) 2 ) k° T {u) 2 , 

for any er > s as soon as A^(u) < Sq. Here, Sq is a small positive number choserQ 
such that ||u||i<»H3 < So as soon as Ay(u) < Sq, where So is given by Corollary 15. 31 
Estimates (|2.32|) . ()6.27j) with a — s, Lemma 16.31 and a continuity argument ensure 
the existence of e s > and C s > such that r^(u) < C s e provided ||uo || jt j < e < £s 
where rf,(u) is defined by 

(6.28) r5-(u) :=max{||u||fl, (T) ,||u||ir 3(T) }. 
Thus, estimates (|2~TU|) . (|2~32"|) and (|6~27|) yield 

(6-29) IMUs?** < r5,(«) < IMIjj-, 

for all a > s, provided ||uo]|h s < e < e s - 

Therefore, using estimate (|6.29p with a = 4 we can reapply the result of Theorem 
16.11 a finite number of times and extend the solution u on the time interval [— 1, 1]. 
This concludes the proof of Proposition ^. 21 □ 

6.2. L 2 - Lipschitz bound for the difference of two solutions and unique- 
ness. Let Mi and u 2 be two solutions of the equation in (jl.ip define on a time 
interval [— T,T] for some < T < 1 and with respective initial data u\(-,0) = tpi 
and u 2 (-,0) — ipi- We also assume that ip\, ip 2 £ 23 2 (e) an d 

(6.30) T 2 T ( Ul ) < C 2 e < C 2 e 2 , for * = 1, 2, 

where T|,(-) is defined in (|6.28p . Moreover, according to (|2.10[) . we can choose e 
small enough such that ||iti||L~#2 < Si where Si is given in Corollary 15. Ill 

Let define v by v = u\ — u 2 . Observe that v is a solution to equation (|5.44|) and 
also to 

d t v = d b x v + cid x (d x {ui + u 2 )d x v) + c 2 d x {uid 2 x v) + c 2 d x {vd 2 u 2 ). 

Then, we conclude gathering estimates (|2.32l) . (|4.3p . (|4.4|) and (|5.50|) that there 
exists < e 2 < e 2 such that 

(6-31) ^)<\\<Pi-<fi\W, 
provided u\ and u 2 satisfy (|6.30|) with < e < 
We now state our uniqueness result. 

Proposition 6.4. Let u\ and u 2 be two solutions to the equation in (jl.ip in the 

class (jl.9p with s = 2, defined on a time interval [— T, T] for some T > and 
satisfying ui(-,0) = u 2 (-,0) = ip. Then u\ = u 2 on \—T,T]. 

Proof. Let us define K :— max {r^(iti), r^(it2)}- As in the proof of Proposition 
16.21 we use the scaling property of (jl.ip and define u it \ — X 2 m{\x, X 5 t), for i = 1, 2 
and A > 0, which are also solutions to the equation in (11.11) on the time interval 
[— S, S] with S — A~ 5 T and with initial data (p\ — X 2 ip(X-). Moreover, since 

IKaIUs-hj + IKaIIb^s) < A*(l + A 2 )(||ui|U°o H = + \\ui\\ B 2 iT) ) < A*(l + X 2 )K, 
for i = 1, 2, we can always choose A = X(K) small enough such that 
(6.32) I^aII^ < e, \\u itX \\ BHS ) < C 2 e/(3c) < C 2 e 2 /(3c) and K A || F 2 (S) < C(K), 
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for i = 1,2, and where c is the implicit constant appearing in the first inequality of 
(jOl} below. 

Since ||mi i a||f 2 (s) < 00 j there exists n G Z + such that 

(6.33) \\P>nUi,\\\ F * { s) < C 2 e/3, * = 1,2. 

On the other hand, we deduce from (pT5|l and (|Q2"]l that 

||-P<„Wi,A||^( S ) < II",- xWbhs) + sh 2n \\p< n d x ((d xUltX ) 2 )\\ LTLl 

(6.34) +5 , ^2 2n ||P<„a :r ( Ul a^ U4 , A )|| LFi , 

<C 2 e/3 + ^2 3 "|| Ul , A ||| r ^. 

By choosing Si — Si(K) small enough, we deduce from (|6.32l) - (|6.34p that u\ : i and 
ua,2 satisfy the smallness condition (|6 . 30[) on [—Si, Si], i.e. 

rl.Kx) <C 2 e<C 2 e 2 , fori- 1,2. 

This implies from (|6.31[) that ui tX = u 2 ,x on [—Si, Si]. By applying this argument 
a finite number of times, we see that the equality holds in fact in [— S, S]. Then it 
follows after changing variables that u\ = u 2 on [—T,T]. □ 

6.3. Existence. Let 2 < s < 4 and uo G H S (R). By using a scaling argument 
as in the proof of Proposition 16. 21 we can assume that uo G 23 s (e), with e <e s < 
min(e s , jr-'e-i). Note here that H s will be determined later. 

We will use the Bona-Smith argument (c.f. [3]). Let p G S(R) with p > 0, 
/ pdx = 1, and J x k p(x)dx = 0, fc G Z + , < fe < [s] + 1. For any A > 0, define 
P\(x) = A -1 p(X^ 1 x). The following lemma, whose proof can be found in [3] (see 
also Proposition 2.1 in [17), gathers the properties of the smoothing operators 
which will be used in this section. 

Lemma 6.5. Let s > 0, <j> G H S (M.) and for any A > 0, (f>\ = p\ * <fi. Then, 

(6.35) Ux\\h-+- < ^ a H\\H*, Va>0, 
and 

(6.36) H-4>\\\h'-k =/(A ? ). V/?g[0,s]. 

Now we regularize the initial data by letting uo,a = Pa *"o- Since ito,A ^ i?°°(]R), 
we deduce from Theorem 16.11 that for any A > 0, there exists a positive time T x 
and a unique solution 

u x G C{[-T X ,T X ];H°°(R)) satisfying u x (;0) = u 0<x . 

We observe that ||uo,a||h s < ||l*o II < e - Thus, it follows from the proof of 
Proposition 16.21 and estimate (|6.35|) , that the sequence of solutions {u x } can be 
extended on the time interval [— 1 , 1] and satisfy 

(6.37) r^(u A ) < C s e < min(C 2 ? 2 , C s e s ), 

(6.38) T{{u x ) < \\u \\ H , and T\ +2 {u x ) <\\u^ x \\ HS+ -2 < \- 2 \\u \\ H s, 
for all A > 0. 

Then, we deduce from (|6.31[) and (|6.36[) that for any < A' < A, 

(6.39) T\(u x -u x ,)<\\u . x -u^ x ,\\ L 2 = o(A s ). 

1 A->0 



56 



C. E. KENIG AND D. PILOD 



Moreover, we obtain gathering estimates ([232]) . (|4~T|) - (|4~2|) . (f53T1) . (|Q7l) and 
choosing e s small enough that 

(6.40) Tl(u x - u y ) < \\uo,x - «o,A'||hj + rj +a (u A )r?(u A - u v ), 
since s > 2. This combined with (|6"36")) . and (jo\3U)) yields 

(6.41) ||UA-Uv||if>ffj <r?(«A-«v) — >0. 

Therefore, we conclude that {ma} converges in the norm Tf to a solution u of 
(fTTTj) in the class ([I~9]) . 

Remark 6.6. Observe that the convergence of {m a } in C([— 1, 1]; i? 1 (R)) would be 
enough to obtain that the limit u satisfies the equation in (jl.ip in the weak sense. 

6.4. Continuity of the flow map data-solution. Observe that for s > 4, the 
result was already proved in Theorem 3.1 in |33j . Then it is enough to prove it for 
2 < s < 4. Let u £ H S (M). Once again we can assume by using a scaling argument 
that Uq £ 23 s (e) with < e < e < and where was determined in the previous 
subsection. Then, the solution u emanating from uq is denned on the time interval 
[-1,1] and satisfies u6(J([-l,l];H'(R)). 

Let 9 > be given. It suffices to prove that for any initial data vq e "B s (e) 
with \\uo — wo||-ff s < 5, where 6 = 6(9) > will be fixed later, the solution v G 
C([— 1, 1]; _ff s (R)) emanating from «o satisfies 

(6.42) Hu-wllLffli <0. 

For any A > 0, we normalize the initial data uq and vq by defining uq.a = P\ * 
and wo. a = p\ * as in the previous subsection and consider the associated smooth 
solutions ma, v\ 6 C([— 1, l];i/°°(R)). Then it follows from the triangle inequality 
that 

(6.43) ||« - v\\l°°H} < \\U - U\\\ LT >Hi + \\u\ - UA[|ifHJ + Ik - ^A||if H| ■ 

On the one hand, according to (|6 .41 [) . we can choose Ao small enough so that 

(6-44) ||u - u Xo \\ LTHl + \\v - v Xo \\ LTHi < 29/3. 

On the other hand, we get from (|6.35|) that 

IK,A„ - v o,\ \\hi ^ A {4 ~ s) \\u - v \\ H i < A~ (4_s) (5. 

Therefore, by using the continuity of the flow map for smooth initial data (c.f. 
Theorem 3.1 in [33]), we can choose 8 > small enough such that 

(6-45) \\ux -v Xo \\ LTHl <9/3. 

Estimate (jQ2|) is concluded gathering ([6T33]t - ([6~4l)]) . 

7. Appendix: how to deal with the cubic term d x (u 3 ). 

In this appendix, we explain what are the main modifications needed to deal 
with cubic term d x (u 3 ) (i.e. in the case where C3 7^ 0). As above, we fix a = 2 in 
the definition of the spaces F£(T), iV»(T), F*, A*, F k<a , A fc , Q and write those 
spaces without the index a = 2, since there is no risk of confusion. 
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7.1. Short time trilinear estimate. In this subsection, we prove the trilinear 
estimate for the nonlinear term d x (u 3 ). 

Proposition 7.1. Let s > and T G (0, 1] be given. Then, it holds that 

\\d x (uvw)\\ N ,(r) < \\u\\ F a {T) \\v\\ F o (T} \\w\\ F s {T} + ||m|| f o (t) ||w|| f o (t) ||w|| fs(t) 
+ ||i;|| f o( T )||w|| f o( T )||m|| F3(T ), 

for all u, v, w € F S (T). 

We split the proof of Proposition 17.11 in several technical lemmas depending of 
the frequency interactions. 

Lemma 7.2. [high x low x low — » high] Assume that k, k\, fc 2 , fc 3 € Z + satisfy 
k > 20, \k a - k\ < 5 and < ki < fc 2 < A: 3 - 10. T/iera, 

(7.2) Hflfe&K^io*,) || Nk < 2- 3k ^\\u kl \\ Fki |K || Ffc2 |K 3 || Ffc3 , 
for all u kl e , u fe2 G F fe2 and w fe3 G F fea . 

Proof. Arguing exactly as in the proof of Lemma 14.31 it suffices to prove that 

2 fe ^ 2 ~ 3/2 \\ 1 D k , ] ■ (fk U j! * fk 2 , 32 * fk a , 33 )\\ L 2 

(7.3) i>2fc 

<2^/2|| /fei! . i || i22 i 2 /2|| /fc2) . 2 | U22 i3/2|| /fc3! . 3 || i2) 

where the functions /fe^.^ are localized in D^^, with ^ > 2fc, for £ = 1,2, 3. 
But, we deduce from estimates (|3.29[) and (|3.31l) that 

2 fe ^2 _j/2 ||l Dfc j • (f kl J 1 * fk 2 , 32 *fk a ,h)\\ L a 
j>2k 

<2 k J2 2^/ 2 2^/ 2 2- 2fe 2^/ 2 ||/ fclJ J| i2 2^V2|| /fc2j2 || i22J 3/2|| /fc3j3 || i2j 

j>2k 

which implies estimate (17.3[) after summing over j. □ 



Lemma 7.3. [high x /lig/i x Zow — > /zig/i/ Assume that k. k±, k%, &3 G Z + satisfy 
k > 20, |fc 3 - k\ < 5, £; 3 - 10 < fc 2 < fc 3 and < fei < fc 2 - 20. TTien, 

(7.4) \\Pkd x (u kl v k2 w k3 )\\ Nk <2- k \\u kl \\ Fki \\v k2 \\ Fk2 \\w k3 \\ Fk3 , 

for all u kl G F kl , u fc2 G F k2 and w ka G F ka . 



Proof. Once again, it is enough to prove that estimate (|7.3j) remains true in this 
case. According to the frequency localization, we have that fl ~ 2 5fcmaa: , where f2 is 
defined in (|3.32[) . This yields j m ax > 5k — 20. Therefore, it follows from estimate 
(|3T45|) that 

2 fe 2- j/2 \\l Dht . ■ (/ felJ1 */fe 2J2 */fc 3 ,j 3 )|| i a 

j>2k 

(7-5) 

< 2 fc 2 _J ' /2 2 (il+J2+i3+j)/2 2 (fel+fe2)/2 2 _(im ^ +Jsub)/2 ]^ ||/fc. j.|| L 2, 

j>2fe i=l 

which provides the bound in estimate (|7.3j) . in both cases jmaz = j and jmaz 7^ 
jmaa; ■ This finishes the proof of Lemma 17.31 □ 
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Lemma 7.4. [high x high x high —> high] Assume that k, fci, k%, fc 3 G satisfy 
k > 20, |fc 3 - fc| < 5, k 3 - 10 < k 2 < h and k 2 - 30 < fci < k 2 . Then, 

(7.6) \\P k d x (u kl v k2 w ka )\\ Nk < \\u kl \\ Fki \\v k2 \\ Fk2 \\w k3 \\ Fka , 

for all u kl G F kl , u fe2 G F k2 and w ka G F ks . 



Proof. We argue exactly as in the proof of Lemma 17.31 and observe that estimate 
(|7.5p leads to estimate (|7.3p even without using that jmax > 5fc — 20, which is not 
always satisfied in this case. Instead, it is sufficient to use that j, jj > 2k for all 
1 = 1,2,3. □ 

Lemma 7.5. [high x high x high —> low] Assume that k, k%, k 2 , k 3 G Z + satisfy 
k 3 -5 <k 2 < k 3 , fc 2 - 10 < ki < k 2 and 20 < k < fci - 10. JTien, 

(7.7) \\P k d x (u kl v k2 w k3 )\\ Nk < 2-( fe3+fe )/ 2 || Ufcl || Ffci || Wfe2 || Ffc2 ||^ 3 l|F fc3 , 

for all u kl G F kl , v k2 G i<fc 2 and iUfe 3 G F ks . 

Proof. We argue as in the proof of Lemma 14.71 Thus it is enough to prove that 



(7.8) i>o 



< 2 il/2 ||/£ A IU> 2 J2/2 1| /£ J2 |U= 2^/211/- j3 1 



where the functions /^"j. are localized in D ki j t , with ]% > 2fc 3 , for i = 1,2,3. 
According to estimate (|3.45[) . we can bound the left-hand side of (|7.8p by 

3 

2 2k 3 -k 2-i/ 2 2 (jl+j2+: > 3+: >' >/2 2 (k+kl)/2 2~ (: > ma * +jsub)/2 J| ||/ fe . j. \\ L 2. 

j>0 i=l 

Moreover, we have f2 ~ 2 5kmaa: in this case, so that j m ax > 5fc 3 — 20. This implies 
estimate (|7.8[) in both cases j — j max and j ^ j ma x ■ D 

Lemma 7.6. [high x /izg/i x /ou; — > Zow/ Assume that fc, fci, fc2, fc 3 G Z + satisfy 
fc > 20, fc 3 - 5 < fc 2 < fc 3 and < fci, fc < fc 2 - 10. TTiera, 

(7.9) ||PAK^ 2 ^ fe3 ) ||^ < 2-(^+ fe )/ 2 || Ufel || Ffei |K \\ Fk2 \\w k3 \\ Fk3 , 
/or all u kl G F fcl , v k2 G F fe2 and G F ks . 

Proof. Following the proof of Lemma [731 we need to prove that estimate (|7.8[) still 
holds in this case. This is a direct consequence of estimates p.47[) and (|3.48|) . □ 

Lemma 7.7. [low x low x low — > low] Assume that fc, fci, fc 2 , k 3 G Z + satisfy 
< fc, fci, fc 2 , fc 3 < 200. Then, 

(7.10) \\P k d x (u kl v k2 w k3 )\\ Nk < \\u kl \\ Fki \\v k2 \\ Fk2 \\w k3 \\ Fk3 , 
for all u kl G F kl , v k2 G F k2 and w ks G F ks . 

Proof. It follows arguing as in Lemma ft.lOl □ 
Finally, we give the proof of Proposition 17.11 
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Proof of Proposition \7J\ Fix s > 0. We choose two extensions u, v and w of u, « 
and u> satisfying 

||fi[| F . < 2||u[[ F . (r) , ||tJ[[ F . < 2||t>|| F . (T) and ||w|| F . < 2||k;|| f . (t) . 

Therefore d x (uvw) is an extension of d x (uvw) on R 2 and we have from the definition 
of N S (T) and Minkowski inequality that 

2 — 

\\d x {uvw)\\ N s (T) < (]T2 2fcs ( ^ ||P fc ^(P fcl «P fc2 ^^11^) )*. 

fc>0 fci,fc 2 ,fe 3 >0 

Note that by symmetry, we can always assume that < fa < k 2 < k 3 . Moreover, 
we denote 

Gi = Ufa,k 2 ,k 3 ) &Z% : k > 20, |fc 3 - k\ < 5, < h < k 2 < k 3 - 10}, 

G-2 = Uki,h,h) : k> 20, \k 3 -k\ < 5 \k 3 -k 2 \ < 10, < ki < k 2 -20}, 

G 3 = Ukuk 2 ,k 3 ) El\ : fc>20, jfe 3 -k\ < 5 \k 3 - k 2 \ < 10, |fci-fc 2 |<30}, 

G 4 = {(fci,fc 2 ,/c 3 ) € : fc 3 - 5 < fc 2 < k 3 , k 2 - 10 < fa < k 2 , 20 < k < fa - 10}, 

G 5 = {(fci,fc 2 ,/c 3 ) € 1\ : k 3 -5 < k 2 < k 3 , 20 < < fc 2 - 10}, 

G 6 = {(fei,fc 2 ,fe 3 ) : 0<fc, fei, fc 2 , £: 3 < 200}. 

Note that for a given k G Z + , some of these regions may be empty and others 
may overlap, but due to the frequency localization, we always have that 
(7.11) 

\\d x (uvw)\\ NHT) <E(E 22fcS ( E \\Pkd x {P kl uP k ^P H w)\\ N ^)\ 

i=l k>0 (fci,fc2,fc3)eG, 

We conclude the proof of Proposition 17. II by applying respectively Lemmas 17.21 17.71 
to each of the sum appearing on the right-hand side of (|7.1ip . □ 

7.2. Modifications to the energy estimates. We only explain how to deal with 
the a priori estimates, since the modifications would be similar to derive estimates 
for the differences of two solutions. The main point is to derive an analog to 
Proposition 15 . 21 in the case where c 3 ^ 0. 

Proposition 7.8. Assume s > | and T e (0,1]. Then, if u € C([-T, T]; H°°(R)) 
is a solution to (|1.1[) . we have that 

(7.12) E s T {u) < (1 + \\u4 H ,)\\u \\ 2 Ha + (1 + T s T {u) + T s T (u) 2 )T s T (u) 3 , 

where 

T s T (u) := max{||w|| F . (T ), ||u|| B »(r)}- 

Proof. The proof of Proposition 17.81 follows the same strategy as the one of Propo- 
sition E21 The unique difference is that we need to add the terms Mjf, (it), aM].(u) 
and /3M^(u) to the right-hand side of (|5.23p . where 

% k {u) = 2c 3 f P k uP k d x (u 3 )dx, 

JR 

Mfe(u) = c 3 / d x (u 3 )P k d~ 1 uQ k d x 1 udx + c 3 / uP^u^Qkd^udx 

JR JR 

+ c 3 uP k d x 1 uQ k (u 3 )dx, 

JR 
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and 



(7.13) M 2 k (u) = c 3 / d x (u 3 )P k d~ 1 uP k d- 1 udx + 2c 3 / uP k (v?)P k d- l udx 



Therefore, it suffices to bound 



fc>i 



sup 

t k e[o,T] 



[o,t k 



(X k (u) + aMl(u) + f3Ml(u))dt 



by the the terms appearing on the right-hand side of (|7.12p . 

We first treat the fourth-order term corresponding to %k{u). We perform the 
same dyadic decomposition as in the proof of Proposition 17. II Thus, 



V2 2fcs sup / 

k>1 t k £[0,T] J[0,t k ] 



% k {u)dt 



(7-14) 6 



2A-.s 



E 



i=l k>l 



sup 

t k e[o,T] 



x[0,t k 



P k uP k d x (P kl uP k2 uP k3 u) dx 



By using respectively estimate (|5.20|) for the sums over G\ and G5 and estimate 
(|5.21[) for the sums over G2 and G4, the corresponding terms on the right-hand side 
of (|7.14|) can be bounded by 

(7.15) 



\ u \\f°(t)\\u\\ F i+ {t) \\u\\fs( T )- 



In the regions G3 and Gq, we use estimates f|2.10[) and (|2.46l) to bound the corre- 
sponding terms by 



(7.16) 



MIfo( T) |M| f ! +(t) |M| b , (t) . 



Observe that f|T. 15[) and (|T. 16[) are controlled by the second term on the right-hand 
side of (j7T2l . 

Next, we deal with the fifth order term corresponding to 3Vt|(u) and observe that 
the one corresponding to M^(w) could be treated similarly. It follows from estimate 
(|2~TU|) that 



x[0,t k 



d x (u 3 )P k d- 1 uP k d- 1 udx 



<\\u\\\ +(T) \\P k u\\ L ~ Ll \\d^P k u\\ L ~ Ll 



which leads to the bound in (|7.12p after summing over k G Z + n [1, +00) and taking 
the supreme over t k S [0, T] . Finally, to deal with the second term on the right-hand 
side of (|7.13p . we introduce a dyadic decomposition 

(P kl uP k2 uP k3 u) , 

k\ , &2 ,&3 

and use estimates (j2.10j) and (|2.46l) to obtain the right estimate. 

This finishes the proof of Proposition 17.81 □ 
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